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1 Introduction

In quantum mechanics we call “observable” any physical quantity that can be
represented by numbers. An observable is associated in a one-to-one way with a
selfadjoint operator X acting on the Hilbert space Hgs of the quantum system 5, and
the spectrum of X represents the set of all possible readings from the measurement.
Let us consider, for example, an observable with spectrum equal to whole real line R,
and with spectral decomposition

X = /xdE(:z;) . (1)

If the operator X isnon degenerate, the spectral measure dE(:L') is simply the projector
on the eigenvector |x) of X, namely

N

dE(z) = da|x)(z], X|z) = a|z) , (z|2") = 6(x — ') . (2)

Eqgs. (1) and (2) supply the physical observable with the minimal mathematical outfit
that is needed for stating the basic rule of quantum mechanics—the Born’s rule—
which at the same time provides the probabilistic interpretation of physical “state”.
The Born’s rule can be enunciated as follows: “If we know in advance that the system
is in a (pure) state described by the vector [¢b) € Hg, we can predict a priori the
probability dP(x) that the experimental reading will fall in the range [x,x + dx) by
means of the formula

dP(z) = ($ldE(x)[Y) . (3)

The Born’s statistical formula (3) can be further generalized in two ways: i)
considering a prior undetermined “mixed” state described by a density operator p;
ii) embracing also the description of joint measurements of compatible observables.
Compatible observables correspond to commuting operators X; (1 = 1,...,n) that
share an orthogonal spectral decomposition dE(x) = |x)(x|dx as follows

X = / i dE(x) (4)

where x = (1,...,2,) denotes the vector of simultaneous eigenvalues x; of XZ with
common eigenvector |x). Including both generalizations, the statistical formula (3)
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now reads
AP(x) = (x|px) = TefpdE(x)] . (5)

The Born’s rule is very basic: it provides only the interpretation of “observables”
and “states” in quantum mechanics. It assumes that one knows in advance what a
measuring instrument is and which observables are measured. However, despite any
experimental evidence, this assumption cannot be granted from start, because the
measuring instrument is a special physical system and, as such, it is itself submitted
to the laws of quantum mechanics. In most cases the measuring apparatus is a very
complicated system, and some interpretation is already needed to understand what it
is and how it works. The Born’s rule makes no attempt to provide answers to more
“operational” issues as: 1) Given a physical parameter—on the basis of its classical
definition, or of the procedure for measuring it—which selfadjoint operator describes
the measurement? 2) How to describe the measurement of a physical quantity that
apparently does not match any selfadjoint operator? [this is the case of the phase of
the electromagnetic field]; 3) How to describe joint measurements of non compatible
observables? 4) How to describe instrumental precision/resolution? 5) In which way
the state of the system changes after the measurement?

The above issues urge a further generalization of the Born’s rule (5) in a way
that can be easily recognized at the mathematical level. If a quantum mechanical
instrument is to provide information about a physical system S, the probability d P(x)
must be governed only by the state of the system, which is represented by a density
operator p. However complex the system-apparatus interaction is, quantum mechanics
must provide a prevision of the result of the measurement in terms of operators acting
on the Hilbert space Hg of the system S only. Depending on the measurement result
X, an operator df[(x) will furnish the required probability dP(x) through a rule of
the general form

dP(x) = Tr[pdII(x)] . (6)

In order to have dP(x) as a genuine probability, the operators df[(x) in Eq. (6) must
be nonnegative (hence selfadjoint)

dll(x) >0, (7)

as a consequence of positivity of density operators p. Normalization of probability
dP(x) is guaranteed by the completeness relation

/ dfi(x) =1 . (8)

The trace rule (6) is intimately connected with the probabilistic interpretation of
physical states and their description in terms of density operators. In fact, the linear
functional “Tr” guarantees propagation of convex linear combinations from density
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operators toward probabilities. In mathematical terms, the set of operators dﬂ(x)
form a mapping that is a positive operator measure—more precisely, a probability-
operator measure (POM)—on R"™. Generally speaking, if A, A; C R" denote possible
experimental “events”, the following map

f1(a) = [ dfix) (9)
A
satisfies the abstract axioms of POM

ey = o, 1A)y>0, TI(RY)=1,
(10)

N

H(UZAZ) == Zﬂ(Al) for OZ» AZ == @ .

Axioms (10) can be stated more generally for a probability space 2 in place of R”,
with  playing the role of the spectrum of a set of commuting selfadjoint operators in
the old Born’s rule (5). For simplicity of notation in the following I will consider the
case () = R", whereas the integration set will be not explicitly written when integrals
are extended to the whole space, as in Eq. (8); it is implicit that integrals must be
replaced by sums whenever §) is a discrete set.

Eq. (5) is only a particular case of Eq. (6) with dﬂ(x) = dE(X) orthogonal POM.
In the following we will be interested mostly in nonorthogonal POM’s dﬂ(x)dﬂ(x’) +*
0 for x # x’. How nonorthogonal POM’s enters the quantum description of a physical
system? As we will see shortly, this happens when a part P of the apparatus—so
called “probe”or “ancilla”—itself enters the quantum description of the measurement
by its own Hilbert space Hp. Then, if one considers the customary measurement of
commuting observables XZ now acting on the extended Hilbert space Hg @ Hp in the
uncorrelated joint state ps @ pp, the Born’s rule reads

dP(x) = Trsip[ps @ pplx)(x[Jdx . (11)
The trace in (11) can be evaluated in two successive steps as follows
dP(x) = Trs{psTrp[pp|x)(x|]}dx . (12)

From the point of view of an observer who ignores (deliberately or not) the apparatus
P, the Born’s rule (12) has to involve operators on the Hilbert space Hg of the system
only, and hence it is written in the form (6) as follows

dP(x) = Trg[psdll(x)] . (13)
Comparing Eq. (12) with Eq. (11) leads to the following POM
af1(x) = Trplpplx)(x]] (14

The operator dﬂ(x) in Eq. (14) is the partial trace Trp over Hp of an operator acting
on Hs @ Hp, an hence it is an operator acting on Hg only. By definition, dII(x) in



Quantum FEstimation Theory and Optical Detection 5

Eq. (14) is positive and normalized to identity, i.e. it satisfies the axioms of a POM.
It is also clear that for a given probe state pp the POM dﬂ(x) in Eq. (14) is generally
not orthogonal.

This is the way in which nonorthogonal POM’s enter the quantum mechanical
description of a measurement, namely through the measuring apparatus. The POM
df[(x) depends on the considered experimental setup: for a fixed state pg of the system
one can have different probability distributions d P(x) by changing the detector and/or
on the detector preparation pp. As we will see in the following, the correspondence
between detectors and POM’s is not one-to-one, namely there are many detectors
described by the same POM. The notion of POM provides a new concept of physical
observable that is more “operational” than the original one, because it is based on the
definition of the procedure for performing the measurement. We will examine POM’s
further in the following sections.

We are now in position to understand what is the meaning of the title of these
lectures: “Quantum estimation theory” [1]. Quantum estimation theory analyzes
POM’s at a purely abstract level. With the purpose of seeking the best strategy
for estimating one or more parameters of the system in a fixed state, the theory
looks for the pertaining class of POM’s, and then seeks the POM that is optimal
according to some pre-chosen goodness criterion [for example: maximum likelihood,
minimum r.m.s. noise, etc.] In this way the theory allows one to find the best or
“ideal” detector for such measurement. Quantum optics is an ideal lab for testing the
theory of quantum measurements: in these lectures we will examine some examples
of application in this field. In the tool-box of quantum optics we can find simple yet
concrete devices for measuring a variety of observables of the electromagnetic field: the
homodyne detector, which measures any linear combination of a couple of canonically
conjugated observables of the field—the socalled quadratures; the heterodyne detector,
which jointly measures a couple of conjugated (hence non compatible) quadratures;
finally, high-sensitive interferometry, which poses the problem of measuring the
phase of the field, a quantity with well defined physical meaning, however with no
corresponding selfadjoint operator.

After giving an introductory classification of different types of POM’s, in Sect.
2, we will analyze the Naimark’s theorem, which assures that every POM can be
obtained from conventional observables that involve the measuring apparatus itself.
Applications to quantum optics are analyzed in details in Sect. 3, with special
emphasis on the heterodyne detector, which achieves the joint measurement of non-
commuting observables. Joint measurements are then analyzed in Sect. 4, where
general measurements in the phase space are studied, including the measurement of
the phase of the field. Quantum estimation theory is reviewed in Sect. 5: here, as a
relevant application, a long subsection is devoted to the method for finding the ideal
measurement of the phase. The last section 6 analyzes the notion of “instrument”,
which is more powerful that the concept of POM, as it describes also the back-action
on the system after the measurement: the so called “state reduction”. Here we will
analyze in detail the general scheme for indirect measurements, with two examples—
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the von Neumann and the Arthurs-Kelly measurements.

2 Probability operator measures (POM)

In this section I briefly analyze the different classes of POM’s. The following
classification is only for didactic reasons, with the purpose of understanding step
by step the new conceptual issues in the generalization from orthogonal spectral
resolutions to noncommuting POM’s.

2.1 Orthogonal POM’s

Within our general framework, conventional measurements correspond to orthogonal
projection-valued measures

dfI(x)dII(y) = dll(x)3(x — y)dy , (15)

with [ df[(x) = 1. Ideal perfectly resolved measurements are non degenerate, namely
dﬂ( ) = dx|x)(x] is a one-dimensional projector on the Hilbert space. On the other
hand, non-ideal unresolved measurements carry some degeneration: this is the case,
for example of a set of orthogonal operators I, = H(A ) defined as in Eq. (9), Wlth
the subsets A,, exhaustive and disjoint.

Example

An obvious example of orthogonal POM is the spectral resolution of a selfadjoint
operator X with spectrum R. One has

dll(z) = 8(x — X)de = |2)(x|da . (16)

As a concrete example, in Sect. 3.2 we will analyze the homodyne detector, with X
representing a quadrature of the electromagnetic field.

2.2 Commuting POM’s

A trivial generalization to nonorthogonal POM’s is the case of commuting measures,
namely

[dTI(x), dII(x")] = 0 . (17)

As the operators df[(x) are selfadjoint and commute at different x, an orthogonal basis
|z)(z| exists that diagonalizes all of them simultaneously for all x [here I distinguish
between different sets of states only by changing their label, as, for example, |x) and

|z)]. Hence, dII(x) must be of the form

— /dzm(x|z)|z><z| . (18)
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From the POM axioms it follows that the coefficients m(x|z) in Eq. (18) are
probability densities, namely

m(x|z) >0, /dxm(x|z) —1. (19)

More precisely, m(x|z) can be interpreted as the conditional probability density
of getting outcome x given that the system is known to be exactly in the state
|z)(z|. Therefore, the present kind of measurement describes again a conventional
measurement, however with an additional imprecision (or extrinsic noise) that makes
the outcome x unpredictable even when it is known a priori that the system is exactly
in an eigenstate |z) of the measured observable.

Example

As an example, consider the following function of the operator X

A

dﬂ(:z;) = \/erwexp {—%} da | (20)

It is easy to see that df[(:z;) in Eq. (20) is the Gaussian convolution of the orthogonal
projector |x)(xz|. A concrete example will be given in Sect. 3.2, where we will analyze

the homodyne detector with nonunit quantum efficiency.

2.3 Noncommuting POM’s

The truly nontrivial generalization of the projector spectral decomposition dE(:L') is
the case of a non commuting POM dII(x), namely

[dIT(x), dIT(x")] # 0 . (21)

Here, there is no longer an orthogonal basis that diagonalizes all operators dﬂ(x)
simultaneously: hence, no interpretation is possible in terms of compatible observ-
ables, nor the noise can be considered as an additional instrumental imprecision that
is added to an ideally sharp measurement. Due to nonorthogonality, the resulting
probability distribution is always unsharp for any state ps of the system. Therefore,
the only possible interpretation of the noise from such measurement is as an “intrinsic
unavoidable quantum-mechanical imprecision”. As we will see soon, this is the case
of the noise arising when one jointly measures two noncommuting observables, or,
more generally, when the measuring procedure involves a joint measurement, as in
the case of the phase of the electromagnetic field. However, there is no “canonical”
measurement of noncommuting observables that corresponds to a given POM, and for
this reason the noncommuting POM is usually referred to as generalized observable.

It is obvious that, similarly to the classification of commuting POM’s, also in
the case of noncommuting POM’s one could distinguish between: ) ideal resolved
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measurements—when dﬂ(x) is a 1-dim projector, now ranging over a nonorthogonal
(overcomplete) set; ii) unresolved measurements—when the POM is degenerate; iii)
measurements with instrumental imprecision, when the POM is convolved with a
conditional probability density. However, in the present case, this classification is
mostly academic.

At this point one could notice that POM’s provide also new selfadjoint operators
available to the theory. Hence, why we do not use them? For example, the following
operator is manifestly selfadjoint

X = / 2+ dll(z) . (22)

Hence, X admits also an orthogonal spectral resolution in terms of eigen-vectors
|z)(x|. The operator X, however, does not describe the same measurement of df[(:zj),
apart from giving the correct expectation value [z dP(x) = Tr(pX )—and, in fact,
the corresponding probability distribution (z|p|z) is different from the experimental
one dP(x) = Tr[pdIl(z)]. Differences are evident already from the second moment,
where one has

X2 = (/mﬂ(@)z # [aaiie), (23)

as a consequence of non orthogonality of dﬂ(:z;) From the following generalized
Schwartz inequality

[ i) > ( / xdﬂ(:z;))2 , (24)

one has

Az? > (AX?) (25)

where the over-bar denotes the experimental average f = [ f(x)dP(x), whereas
brackets denote the ensemble average () = Tr[fp]. It follows that the “true” variance
Az? is larger than the one resulting from the selfadjoint operator X, despite X
provides the correct average T = <X ) for all states p. In other words, nonorthogonal
POM’s introduce an additional noise that arises from violations of the operator

function calculus, namely
= /f(:z;)dﬂ(:z;) £ f(X),  where X = /xdﬂ(:z;). (26)

According to Eq. (26), in order to describe the experimental probability distribution
dP(x) = Tr[pdll(x)] for any p, one would need the infinite set of selfadjoint operators

o= / crdll(z) £ X7 . (27)
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But, why do we use the POM dﬂ(:z;) instead of the selfadjoint operator X, considering
that the latter can have sharp probabilities? Simply because X does not describe
the measurement of the physical parameter that we meant. Moreover, notice that
the selfadjoint operators defined in Eq. (22) do not solve the problem of joint
measurements, because they generally do not commute, namely

X = / wdll(x) ., [dl(x), dlI(x)] # 0 = [Xi, X,] #0. (28)

Example

In the following a and al will represent the usual annihilation and creation operators
of a selected mode of the electromagnetic field, with commutation relation [a, aJ[] =1,
and with vacuum vector |0), i.e. «|0) = 0. It is convenient to adopt the complex
notation f = f(z,Z) to denote generic functions of z € C (z and Z are treated as
independent variables).

Consider the following POM
dll(z,7) = —|z){(z|, zeC. (29)
In Eq. (29) |z) denotes the customary coherent state

) = D(2)[0) = exp(za — za)[0) , (30)

which is obtained by displacing the vacuum |0) by the operator b(z) It is obvious
that dII(z,%) is not commutative, just because (z|z') # (z'|z). In Sect. 3.3 we will see
that the POM (29) describes the ideal heterodyne detector, which provides the optimal
joint measurement of a couple of conjugated quadratures—the optical equivalent of
position and momentum of an harmonic oscillator. For the moment, just notice the
following identities

X = /dﬂ(z,?) Rez = % (a—l—aT) , V= /dﬂ(z,?) Imz = % (aT —a) , (31)

with X and Y having commutation [X, Y] = /2.

2.4 Naimark’s theorem

In the introductory section we have already seen how nonorthogonal /noncommuting
POM’s arise in a measurement description that involves the apparatus. In this case,
the POM just plays the role of the customary projector in the Born’s rule used by an
observer who ignores the apparatus. Let us recall in formulas this Born’s rule

dP(x) = Trsyplps @ pplx)(x|] = Trs[psdll(x)] , (32)
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with ps and pp denoting the states of the system S and the probe P respectively,
and X; denoting the observables that are measured, with X; = [ #;|x)(x|dx acting on
Hs @ Hp. The POM is given by

dII(x) = Trp[is @ pp|x)(x|]dx , (33)

namely, the POM is the partial trace over ‘Hp of the probe preparation pp with the
projector of the S 4+ P observables. It is very remarkable that every POM can be
always represented as in Eq. (33): this is the statement of the Naimark’s theorem
[2], namely “Given a POM df[(x) in the system Hilbert space Hg, there is always an
extension Hg @ Hp of the Hilbert space, a pure state |¢)p), and an orthogonal POM
|x)(x|dx, such that

dTi(x) = Trp[ls ® [¢p)(vp] [x)(x||dx . (34)

As a consequence, using POM’s in quantum mechanics is not in conflict with the
dictum that “only observables can be measured”, because every POM corresponds
to a customary observable in a larger Hilbert space. But such an observable is
not unique, and may have “unnatural” physical meaning, because it involves the
measuring apparatus itself. For the proof of the Naimark theorem the reader is
addressed to the original papers [2] or to Ref. [3] (a sketch of the proof is also
reported in the Helstrom’s book [1] and in the book of A. Peres [4]). In the following,
[ will illustrate the theorem on the basis of two examples (collected from the same
Ref. [1]), which I think can be interesting for applications to quantum optics.

2.4.1 Example 1: the quantum roulette wheel

Consider the following (generally non commutative) POM

M A .
M, =Y GEY,  m=1,....n, (35)
where

G>0, Y ¢=1, EVED =4 E9 B9 =g (36)

For fixed 1 the projectors ET(;) give an orthogonal resolution of the identity. The
physical meaning of I1,, is clear: the POM (35) describes a measuring apparatus
where one of M different observables is selected at random at every measurement
step, with (; as the probability of the i-th observable.

The Naimark’s extension of the POM (35) can be obtained as follows. Consider an
M-dimensional Hilbert space Hp, with {|w;)};=1,. a as an orthonormal basis spanning
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A A

Hp. A set of orthogonal projectors EmEn = dpm I, In the extended Hilbert space is
given by

A

B =3 BY @ |wi)(wi] - (37)

M=

K3

Il
—

The Naimark extension of the POM (35) is given by the projectors in Eq. (37), with
the following state preparation of the probe

[p) = 30 ) (33)

In fact, one can immediately check that

N

11, . (39)

GLES

=

Il
—

Tep[l @ [¢p) (Vp|En] =

K3

In this example, the probe P plays the role of a random device corresponding to a
sort of “quantum roulette” wheel.

2.4.2 Example 2: commuting POM’s

Let us consider M elements IT; of a finite commuting POM. Upon denoting by {|m)}
their common orthonormal set of eigenvectors, one has

M =S A8 m)(m|, k=1,...,M, (40)

and, as already mentioned, A*) > 0 are interpreted as conditional probabilities,
with 2 A% = 1. As in the previous example, let us consider a probe in an

veey

(A} = 2T ) (41)

can be written in terms of unitary transformations of a fixed probe vector |¢p) = |w1)
as follows

A} = Unltor) (42)

where [/, are unitary operators. With the probe preparation |tp) = |wi), the Naimark
extension of the POM (40) is given by the orthogonal projectors

By = 3" [m){(m] @ U Jwr) (@l O (43)
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In fact, it is easy to check the following steps
Teplwr) (e[ B = 3 [m) (| Tep[Jwr)(en |0 g (| 1]
= 3 m) (| Tep[Unwon) (i | O] we) (wel] = 3 fm)(ml[(Anfwi) [ (44)

= S m)(m A =11, .

3 POM’s in quantum optics

In this section I illustrate some applications of POM’s to quantum optics, where we
have detectors for measuring observ-
ables of the electromagnetic field, with
spectrum either discrete—as for the
number of photons—or continuous—as
for the quadrature of the field. We

=

will see that by homodyne detection , % 4 —°
we can measure any linear combina- ! ‘ 0) !
u H
| |

tion of a couple of canonically conjug-
ated observables—the so called quad-
ratures of the field: this is a fortu-
nate situation, which does not occur
in the quantum mechanics of massive
particles, and that makes possible to
detect even the state itself of the field
[for this topic see my other set of lectures in this same book [5]]. A long subsec-

Figure 1: Equivalence of a nonideal (n < 1)
detector with an ideal one preceded by a beam
splitter of transmissivity 7.

tion is devoted to the heterodyne detector, which jointly measures two conjugated
quadratures of the field. Joint measurements will be analyzed in more detail in Sect.

4.

3.1 Direct detection

The photon-count distribution for a photodetector (with a photo-tube small with
respect to the coherence length of radiation) is given by the Mandel-Kelley-Kleiner
formula [6, 7]

(nala)

P = (5 exptal) ) (15)
where :: denotes normal ordering, and n is the overall quantum efficiency of the
detector (0 < n < 1). For simplicity, I consider only monochromatic fields, with
a denoting the annihilator of the nonvacuum mode: however, Eq. (45) can be written

more generally in the wideband case, where instead of the operator ala one has the
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Pointing flux operator (with time-ordering and integration over the detector time). A
simple derivation of Eq. (45) can be found in Ref. [8]. For n = 1 Eq. (45) gives the
POM of ideal photon-number detection. In fact, from the identity

e—1 l’ e—1

|0)(0] = limij: (=¢) (aT)lal = lim(1 — e)“T“ ) (46)

and exploiting the recurrence
: (aJ[a)” = aTa(aTa— 1)...(aTa—n—|—1) , (47)

one obtains
i = 3 P ) )1 = (a9
where
Pn) = Aw) = (In}{nl) (40

In Eq. (49) |n) denotes the photon-number eigenstate aTa|n> = n|n). In other words,
the POM for n =1 is given by

i (n) = [n){n , (50)

whereas, more generally, for n < 1, using Eqs. (46) and (47) one can see that the
probability distribution resulting from Eq. (45) is a Bernoulli convolution of the ideal
probability (49), namely the detector POM is given by

o0

= 3 (o= 51

k=n

Eq. (51) provides an example of a
nonorthogonal commuting POM, with d
a form similar to Eq. (18) (here for
a discrete spectrum) with conditional

probability density m(x|z) given by a

A
A

Bernoulli distribution.

Now I show that a detector with i
quantum efficiency n < 1 is equi- b
valent to an ideal detector preceded

b b litt f t 181V~ .
. y a beam SE et o I’ELI.lSHlISSIVW Figure 2: Field modes at a beam splitter.
ity n. Such a “quantum-equivalence

between devices is schematically depicted in Fig. 1, and is relevant for detection the-

ory in quantum optics. We have just to remind that, apart from trivial phase changes,
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a beam splitter of transmissivity i affects the unitary transformation of fields (see Fig.

2)
(Y=ot (3)o=( " ) (2). e

where all field modes are considered at the same frequency. Hence, the output mode
a’ in Fig. 1 is given by the linear combination

a =0+ (1 —n) . (53)

The mode a is entangled with the vacuum mode w, which here plays the role of a
“probe” mode. The POM is obtained by partially tracing over the u mode as follows

i1, (n) = Tr, 10 @ 0)(0Lu|n)(nlw] = (0] : exp(—aTa")(—a ') /ul 1 0}, . (54)

Eq. (54) gives f[n(n) in form of a normal-ordered expectation between coherent
(vacuum) states. Here we can use the following identity valid for any function of a
linear combination Ka + Hb of two modes a and b

W8] f (Ka + Hb, (Ka + Hb)T) B = f(Ka+ HB,Kat +T5):, (55

with |3), denoting a coherent state for mode b only. Using Eq. (55) we immediately
obtain

(nala)

f[n(n) =: exp(—naTa) :, (56)

n!

which gives the probability (45).

3.2 Balanced homodyne detection

The scheme of a balanced homodyne I
detector is depicted in Fig. 3. The “signal”
mode a is combined by means of a 50-50
beam splitter with a “local oscillator” (LO) A
mode b operating at the same frequency of a,
and prepared in an “intense” coherent state
|z). The signal mode a here plays the role

A i
=
4

of the “system” S, whereas mode b is the b (LO)
“probe” P. The field at the output of the
beam splitter is described by a “sum” mode
¢c = (a+ b)/\/§ and a “difference” mode
d = (a — b)/\/2, according to Eqs. (52) for
n = 0.5. These output modes are detected by two identical photodetectors, and

Figure 3: Scheme of the balanced homo-
dyne detector.
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finally the difference of photocurrents (at zero frequency) is rescaled by 2|z|. Thus,
the output of the detector is given by the following operator

s cJ[c—dJ[d B aJ[b—l—bJ[a
20z 2]

D= (57)

Our intent is to evaluate the POM of the detector, or, in other words, to obtain the
probability distribution of the output photocurrent Ip for any generic state p of the
signal mode a. It is easier to evaluate the generating function of the moments of Ip

X = () (58)

and then obtain the probability distribution of Ip as the Fourier transform of y(A),
namely

dP(1) = d1/+°o A gmiat (eirin)

—c0 27 ab

Using the Backer-Campbell-Hausdorff (BCH) formula [9] for the SU(2) group, namely

€xXp (fa-tb — EbTa) = erTa (1 + |C|2)%(6Tb—aTa)

(59)

e—za-i-b

(= %tanm . (60)

one can normal-order the exponential in Eq. (58) with respect to mode b as follows

= (oo fn (22 ) 1] fo (ﬁ)r“‘”zw ()] o

The partial trace over b can be evaluated easily as follows

0 = o o )] (2] oo 35) ),
. < [ (%)] b > | (62)

with the probe mode b is in the coherent state |z). Using now the customary BCH
formula valid for [A, [A, B]] = [B,[A, B]] =0

N A N A 1 -~ 4
exp Aexp B = exp (A + B+ 5[14, B]) , (63)
one can recast Eq. (62) in normal-order with respect to a, namely [10]

X(A) = (64)

<: exp [izsin (ﬁ) aT] exp [—QSmZ (ﬁ) (afa+ |z|2)] exp [i?sin (ﬁ) aT] ;>.a
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Eq. (64) simplifies greatly in the strong-LO limit z — oo, where only the lowest order

terms in A/|z| are retained, and ata is neglected with respect to |z]*. One has

lim (\) = <: exp [i%e%ﬂ exp [—%2] exp l@%e—%fl > = (expliray]), . (65)

Z—r 00

with ¢ = argz and a, = %(aTew + ae™'?) denoting the so called “quadrature” of the
field mode @ at phase ¢ with respect to the LO. The generating function in Eq. (65)
is equivalent to the POM

. voo dh - )
dll(z) = d:z;/ —e " expliday] = dad(x — ay) . (66)

—00 27

Hence, in conclusion, the balanced homodyne detector in the strong LO limit achieves
the ideal measurement of the quadrature a,.

It is easy to take into account nonunit quantum efficiency at detectors. According
to Eq. (53) one performs the substitutions

c — 771/20 + (1 _ 77)1/2u , %, ¥ vacuum modes (67)
d — 771/2d_|_ (1 _ n)l/QU , (68)

and now the output current is rescaled by 2|z|n, thus obtaining

s (1 —n)
[ =
D = d¢ + 2

(s = Dg) + O(|271) (69)

with O(|z]7!) denoting terms vanishing as |z|™'. Then, by tracing-out the vacuum
modes u and v, one obtains

df,(a) = do [ (21—)\6_Mxeim¢|<0|eMV 0Y2 = da / X —ir(ami)
T

27

1 (l‘ — &¢)2

= d _\E %)
x Ry exp l oAz , (70)

where
L —n

A2 =— 1 1
- ()

Thus, in the nonideal case the POM is the convolution of the ideal POM with a
Gaussian conditional probability: as in the case of photodetection, again nonunit
quantum efficiency makes the POM nonorthogonal.
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3.3 Heterodyne detector

Heterodyne detection provides a method to perform joint measurements of two
conjugated quadratures of the field [11]. The detector and the relevant field modes
involved in the measurement are outlined in Fig. 4. The input field By impinges
into a beam splitter with transmissivity #, and has nonzero photon number only
at frequency wy + wyp. The LO works at a different frequency wy, and the output
photocurrent I out 18 measured at the intermediate frequency wyp. In the time-domain
the measured photocurrent is given by

N

Lout(t) = EL(OEL(1) (72)

where EE denote the usual positive and negative frequency components of the
field, containing the annihilation and creation operators, respectively. The output
photocurrent analyzed at frequency w;r is given by

A

. . dw - .
Fot(worr) = / dt 1 (t)eret = / S Bl + w1r) B () (73)

The only field modes that are nonvacuum are the signal mode a, at frequency

cos(wypt) )
1 R Q———» ReZ
Ezn Cls(u)() + CU[F) Eout
.......... > >
Gz(wo B WIF) I WY o ——» ImZ
bi(wo — wIF) bs(wo + wrr) sin(wrpt)
b[((ﬂo)

Figure 4: Scheme of the heterodyne detector and relevant field modes involved in the measurement.
Dashed lines denote vacuum modes. Signal input modes are denoted by a, LO modes by b. The
subindices s, {; and ¢ refer to the frequency of modes: s is for signal band around wy + wyp, ! 1s for
LO band around wg, and 7 is for image band around wy —wyp. The output photocurrent is detected
at the intermediate frequency wip.

w + wrr and the LO b; at frequency wo. The integral in Eq. (73) involves modes
at all frequencies: the terms that survive in the strong-LO limit are those linear in

i

b, or b;[, namely b;[ai and bjas, both having frequency difference equal to wp (all
other nonvacuum modes depicted in Fig. 4 do not involve the LO in Eq. (73)). The
detector behaves ideally in the combined limits of strong-LO z — oo and perfect
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transparency 6 — 1, with v = |z|,/0(1 — 0) kept as constant. In fact, the output

rescaled photocurrent 7

7 = lim v u(wrr) (74)
60— 1,|z| =
~ = cost.
is given by
7 = |z (albi + aib)) + O(|=[7) (75)

and after re-phasing the field modes 7 becomes
Z=dal +a. (76)
The complex operator 7 is equivalent to a couple of commuting selfadjoint operators
Z=IntiZi. (2,20 =1ln i) =0, (77)

and is described by a quantum mechanical probability density in the complex plane
p(zr, z1) = p(2,Z). The probability density is the Fourier transform of the generating
function of the moments of 7, and in complex notation is
D S S

p(z,7) = / ?<€/\ZT—AZ>Si AN (78)
where (...);; denotes the ensemble average on both modes a; and «a;. In the present
case the signal mode a; represents the “system”, whereas the image-band mode a; is
the “probe”. The partial trace over the probe is carried out as follows

(137) = T [puDu ] 01D (M) 10): = Tr, [3, D ()] 3
= Tr, [,55 : ﬁS(A) :A} , (79)

where ﬁ(oz) = exp(ozaJ[ —aa) denotes the usual displacement operator, and sub-indices
s, pertain signal and image modes, respectively. Anti-normal ordering ::4 in Eq. (79)
follows from the customary BCH formula (63) applied to the displacement operator.
Comparing Eqs. (78) and (79) the POM of the detector is obtained in the form

0. = d*A Xe=)F . f 2
dll(z,z) = / ¢ : Dg(A) 4 d™z, (80)
and with a little algebra one has'
A d?
dfl(z,7) = =Z|2)(2] . (81)
s

THere is the proof:

X (SO NN S~ dA2 e o= ()"
. . e | Al e)xa e Aa _ e | Al n aT n,n
/ : D(X) .A_/— /—2 n§:0 —(n!)ZIAl2 (a")

™ ™

Y Sty
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Hence, the POM of the ideal heterodyne detector is the coherent-state projector.

It is not difficult to take into account nonunit quantum efficiency at photodetectors.
For simplicity we consider the case of 1 constant versus w within the considered
frequency band. Similarly to the case of the homodyne detector, we add a vacuum
mode to both a, and «;

a, — 771/2@5 + (1 - 77)1/2u , (82)
a; — 771/2% + (1 - 77)1/21) , (83)

with v and v denoting the vacuum modes at frequencies wy + wyr and wy — wrp
respectively. Upon rescaling the output photocurrent by an additional factor n'/2, we

A 1 — 1 —
Z =as+y/ nu—l—aj—l—,/—an[. (84)
n n

The two modes u and v enter the definition of the new enlarged “probe” of the detector,
and must be traced out. In this way one obtains the POM

obtain

d*\

T2

Mt (0,@) = da [ SR D) i w01 D) Dul=A) 0 (89)
where A\, = ,/1%77)\. The POM (85) is the Gaussian convolution of the ideal POM

B

T2

dQZ _ |z—o¢|2

se S0 dll(z,7),  (86)

n

NN bS(A) A e~ Ml — /

A

where A2 = 1=1,
n 7

Before continuing further, it is instructive to see an alternative derivation of the
heterodyne POM (81). We have seen that the the heterodyne detector measures the

complex photocurrent 7 = a, + aj , with a; playing the role of the probe. This
assertion is translated into mathematical terms as follow

dT1(z,7) = d?z (0]82(z — £)|0); (87)

and using the identity (46) one has

Using the last equation we obtain

2 _ 2 _
/ A 5w py az [ L2 rel 3 Ao 2 bl 0)(0[D(~0) = [a)(o]

™ ™
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where 5 is the Dirac delta in the complex plane

S S
Sola — ) = / el (38)

The form of Eq. (87) does not depend on the operator ordering, because [Z, ZAT] = 0.
In particular, we can use normal ordering with respect to a;, corresponding to anti-
normal ordering with respect to as. Then, the vacuum expectation is evaluated just
upon setting a; to zero, namely

A

dll(z,z) = d*z da(z —as) 4 . (89)
By definition, one has
d2)\ z—as)A—(Z a-i- d2)\ ZA—Z
da(z — ay) —/?6( WEmar = = AT DG(N) 14 (90)

namely Eq. (81).

4 Joint measurements

From the derivation of the POM of the heterodyne detector we can understand the
basis of a joint measurement of two non commuting observables. The heterodyne
detector performs a joint measurement of any couple of conjugated quadratures, say
for example

o1 i Y B
X_Q(CLS—I_QS)? Y_Q(as 5)7 (91)
with
X)=1 (92)

The method for jointly measuring X and e consists of making a conventional
measurement of two commuting currents VA r and VA ; that have the same expectation
values of X and Y, namely

(X)=(Zr), (V)={Z1), (93)
or, in complex notation
(a5) = (Z) . (94)

Eq. (94) emphasizes the fact that measuring X and YV jointly is equivalent to
“measuring the complex operator” a;. Now we will see that the price to pay for
jointly measuring non commuting observables is an additional noise. In fact, let us
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evaluate the r.m.s. fluctuations for X, Y, and for ZR, 21, and then compare the
respective results. One has

. . . . 1
(AZR) = (AXF) + (AXF) = (AXF) + 1, (95)
and, similarly
72 -2 -2 -2 1
(AZp) = (AY") +(AY) = (AY") + 7, (96)

where X; and Y; are the same quadratures as in Eq. (91), but for the image-band
mode «a;. It follows that the experimental probability distribution of the photocurrent
7 has the same average of the complex field a;, but with an additional noise. From
Eqgs. (95) and (96) we deduce the “experimental” Heisenberg relation [12, 13]

. . 1
(AZRYAZ = 1 (97)
which should be compared with the customary inequality
o2 2 1 v VT |2 1
(AXP)AT?) 2 LK TP > o (98)

Notice that the usual Heisenberg relation pertains the intrinsic uncertainties of a
couple of conjugated observables, and thus can be used only to analyze conventional
measurements of one of the two observables at a time (the uncertainty of the other
observable refers to a “preparation” before the measurement). On the other hand,
the case of joint measurements is described by the new Heisenberg inequality (98):
here, the “experimental” noise is double than the “theoretical” one, and their relative
factor 2 is usually referred to as “the additional 3 decibels (3dB) noise due to the
joint measure”. Such noise is of quantum origin, and is unavoidable. This can be
easily understood with the aid of the following argument. The 3dB noise originates
from the vacuum fluctuations of the image-band mode, which is needed in order to

i

have a commuting current 7. For this purpose one needs to add a; —not a,—to the
signal annihilator as, and this produces the anti-normal ordering for the POM, which
corresponds to the 3dB Gaussian convolution

dll(z,7) = d?2;(016,(z — 2)|0); = d?2 : 65(2 — @) :a
2 N 1 2 N
— /QGZA_EA6_5|A| D\ . (99)

T2

In the following we will see that the 3dB additional noise is equivalent to measuring

each quadrature with effective quantum efficiency n = %
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4.1 Marginal joint measurements

It is clear that once a method for measuring the complex field a is given, then any
function of the field can be measured. Such measuring scheme resembles a “classical”
measurement in the phase space, where one jointly measures the canonical pair and
then evaluates functions of it. Operatively, the measurement works similarly to the
classical case, namely, after detecting the complex photocurrent 7 and obtaining the
reading z € C, one evaluates the function w = f(z,%Z). What is the POM that gives
the probability distribution for w? The answer is simple: the probability density for
w is just the marginal probability of p(z,Z), namely

plw) = [ @ p(z2) 8w = f(2.%)) . (100)
Hence, the POM is the marginal POM of dﬂ(z,?)
dl1(w) = dw/dﬁ(z,z) S(w— f(2,7)) . (101)

The Dirac delta function in Eq. (101) must be defined carefully on the complex
plane, depending on the particular analytic form of the function f. Using Eq. (87)
one obtains

df1(w) = ds dw {0|6(w — f(Z, ZT))|0); = dw : 6(w — f(a,al))ia . (102)

In the following we will examine some relevant choices for the function f.

4.1.1 Field quadrature

Field quadrature corresponds to the function f(z,%) = Re(ze™*) of the field. In this
way, from a joint measurement of any couple of conjugated quadratures, one obtains
a marginal probability distribution for any desired single quadrature @4. In fact, from

Eq. (102) one has

+oo . 11412 A
dll(z) = da:d(x—ay)a= d:z;/ QelA e s\ emiddg

—00 27

2
= dax \/—E exp [—2(x — ay)] , (103)
which is a Gaussian with variance A? = i, as expected from Eq. (95): this is just
the 3dB noise due to the joint measure. Comparing Eq. (103) with Eq. (71) we
immediately recognize that this noise corresponds to an effective quantum efficiency

=73
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4.1.2 Field intensity

This case corresponds to the function f(z,%z) = |z|*. One has

dx . ,
dll(w) = dw:d(w— aJ[a) A= dw/ge_uw : GM“T“

1
_ —2 w . —a-i-a—l _ w " —w
. dw/ (1)) = o dw . (104)

The POM (104) is an unsharp version of the ideal POM (50). Notice that the function

in Eq. (104) is not a Poisson, because here it is regarded as a function of w—mnot

versus Cl-i- a.

4.1.3 Phase of the field

This case is particularly interesting, as in practice it is the only way to define a
quantum mechanical measurement of the phase of the field, namely through the
measurement of the polar angle of a complex photocurrent. It is instructive to analyze
briefly the experimental procedure for obtaining the marginal phase distribution.
This is illustrated in Fig. 5, where, as an example, a computer simulation of the
experimental procedure is illustrated for a squeezed state. Each experimental event
consists of a reading of the complex heterodyne photocurrent, which is represented by
a point plotted in the complex plane of the field amplitude. The phase value inferred
from the event is the polar angle of the point itself. The experimental histogram of the
phase distributions is obtained upon dividing the plane into “infinitesimal” angular
bins of equal width é¢, from —7 to m, then counting the number of points which
fall into each bin. In Fig. 5 the simulated experimental histogram (10* events) is
compared with the theoretical probability as obtained from the marginal phase POM
of the heterodyne detector. Formally, the marginal phase POM is given by

df[(qb) =d¢:d(¢p—arga) 4, (105)

where the meaning of the ¢ function is the marginal integral of the é5 distribution over
the polar modulus on the complex plane, namely

§(op — argz) = /0 pdpda(pe'® — / /C eXp V(e — 2)X — c.c.} . (106)

One has

a2 dA ¢ - —Aa _Aa
dH(sb):— <17~/C7Tf‘“6‘“>AAT
do [ &\ _ypp DY
— P[0 | . 1
o Jo 7 ¢ [Im(Ae~i?) — i0F]? (107)

Equivalently, evaluating the marginal POM of the coherent-state projector, one has
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Figure 5: Computer simulation of a heterodyne phase detection experiment for a squeezed state
with 4.53 squeezing photons and 20 photons in total. The histogram for 5000 events is compared
with the theoretical result from the POM (108).

i d¢ = » L do &
dH(¢)=£ /0 dr|/re®)(\/re| = % iln=m

nm=0

|n)(m| .(108)

We will discuss this POM later and compare it with the ideal one coming from
quantum estimation theory.

5 Quantum estimation theory

Quantum estimation theory analyzes POM’s at a purely abstract level, with the
purpose of seeking the best strategy for estimating one or more parameters of a
quantum system. The theory looks for the general class of POM’s that describe the
specific measurement, then optimizes the POM according to some prefixed goodness
criterion. In general, one can say that the problem resorts to seeking the best strategy
for estimating a set of parameters 8 = {0;,60,,...,60,,} of the density operator p(8)
of the system (for example the position and momentum of a particle, the amplitude
of a field mode, etc). The observational strategy for estimating 6 is expressed by
a POM that pertains a generic apparatus along with its “data processing rule”, i.e.
the evaluation of a function of the experimental result. Let us denote by dﬂ(@) the
generic POM. Generally, the result of the measurement—i.e. the estimated values—
are different from the “true” ones, and we will denote the true values by 6 and the
estimated values by 6.. Then, the joint conditional probability density p(6.|6) of
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estimating 6, for true values 6, is given by
p(0.10)d™0 = Tr[p(0)dI1(6,)] . (109)

The goodness of the POM is considered on the basis of a cost function C(.,8),
which assesses the cost of errors in the estimates. Examples of cost functions are the
delta-function cost

C0.,0) = —T]6(0n — 04) (110)

k=1

and the quadratic cost
C(.,0) = Z (O — 01)* . (111)

More generally, in Eqs. (110) one could consider different weights for every
component, or one can introduce a positive cost matrix in the quadratic case (111).
We must provide also an a priori probability density z(6) for the estimanda. Then,
the average cost incurred when the strategy represented by dﬂ(@) is employed, is
given by

C = /de 2(0)C(0.,0)p(0.]0) = Tr/W(H*)dﬂ(H*) , (112)
where W(H) denotes the selfadjoint risk operator
W0, = /dT”HZ(H)C(H*,H),é(H) . (113)

We want now to select the POM that minimizes the average cost C under the
constraints

dr1(0) > 0, /dﬂ(a) =1, (114)

This can be done as follows. Both operators dﬂ(@) and W(H) are limited from below:
then the minimum C is achieved when their product dﬂ(@)W(@) under trace and
integration in Eq. (112) is minimum. It follows that the equations for the optimal
POM can be written as follows

W)~ Fdo(0) =0, W)~ >0, (115)
where ) denotes the minimum risk operator (also called Lagrange operator)

Y= mein{W(H)} . (116)
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It is clear that the solution of Eqgs. (115) minimizes the operator under trace in Eq.
(112). In fact, upon integrating the first of Eqs. (115), from the definition of Y it
follows that

[W@diie) = 3 [ ditoo) = 3. (117)
Hence, Y is also the minimum integral under trace in Eq. (112), i.e.
Y= /W(a)dﬁo(a) . Coin =TrY. (118)
Notice that the Lagrange operator is selfadjoint by definition, and hence
Y= /Vv(e)dﬁo(o) _ /dﬂo(a)W(a) , (119)

namely the optimal POM also satisfies the hermitian conjugated of equation (115).

In general, solving Eqs. (115) and (118) is a difficult task. In the following
subsection we will analyze in some detail a relevant example: the canonical
measurement of the phase.

5.1 Canonical measurement of the phase

The estimation problem is the following: to estimate the phase-shift ¢ of a fixed
density matrix po undergoing the unitary transformation

ﬁ(qb) _ e_mJ[“(b,éoemT“(b ] (120)

First, we observe that ¢ is defined on a circle (a 2r-window ), because alaisan integer
operator. Then, we notice that the family of states {p(#)} is “covariant”, namely it
is of the form

p() = Uspol] (121)

where U¢ are unitary operators representing a group—in the present case, the abelian
group U(1) of rotation along one axis. For a covariant estimation problem, the optimal
POM must be itself covariant. This should be true at least if we want a likelihood
p(¢p|¢p) which is independent on ¢ [for a general study of covariant estimation problems

see Ref. [14]] i.e.

p(616) = TelUypol} dIT(0)] = const. , (122)

which, due to invariance of trace under cyclic permutations leads to

df1(6) = U,dli(0)(7] | (123)
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Hence, the problem is restricted to find only the operator dﬂ(()) = dqbéo/(%r).
Consistently with the assumption of likelihood constant vs ¢, we consider the case of
a priori unknown parameter ¢, with uniform probability density z(¢) = % For the
moment, we address only the max-likelihood estimation problem, corresponding to
the cost function

C(us ) = —d2r(02 — ), (124)

where 4y, denotes the 2m-periodic delta function. With the above choices, the risk
operator is given by

d¢

W6.) = [ 520066 Uapoll] =~ U poll . (12

and the Lagrange operator becomes diagonal with aTa, namely

- do
v o= - (2r)? (126)
(kY| = _/ (;¢2€_i(k_l)¢<k|éoﬁo l) = —5k1%<k|§oﬁo k) . (127)

Thanks to covariance, the estimation problem resorts to seeking the solution df[(())
of the following equations only

V(0) = V]dIT0) =0, W(0O)=Y>0. (128)

Notice that from Eq. (125) one has W(O) = —=po: hence, Egs. (128) can be written
as follows

[po+ 27D =0,  po+2rY <0. (129)

The problem is still too difficult, and we restrict attention to the case of pure states

o0 = |0)(1p]. We seek solutions of Eqs. (129) in the form

5l (130)

where |v) is a (generally non normalizable) vector in the Hilbert space. The Lagrange
operator has the following nonvanishing matrix elements

- 1 1 >
(IPIK) = o (R ) I8 = et 3 33 (131)
where v, = (k|v) and ¢, = (k[¢)). Completeness of dﬂ(qb) implies that

= (o] [ dii(@)m) = [ SO ) hm) = Sulin . (152)
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which requires |y;| = 1. Moreover, reality of Y needs arg(ye) = arg(vy) for ¥y # 0.
Hence, we write

T = {kaf o ii ’ 8 (133)
leading to
. 1 co
(RIVIR) = =5 ldel 3 1ol - (134)

Now, we only need to check Eqs. (129). The second equation means that for any
vector |v) in the Hilbert space, one has

o0

S JoalPlnl D2 100k - (135)
=0 k=0

n=

2

0> (vlpo + 27 lv) = | > vits,
n=0

This bound is satisfied according to the Schwartz inequality

o] 9 o 5 0o )
S v = [l = | X enal
n=0 n=0 n=0
< Y foaPRoal D 19k - (136)
n=0 k=0

[t remains to show that the first one of Eqs. (129) is also satisfied. One has

(k|[po + 27 V)olm) = (k|e)(@1y)(ylm) + 2 (k| Dlk) (k) (y]m)
[(K[0) () = (R} 1) k)R] [m)
= (k)N = [l l{ym) =0, (137)

where we have considered that due to Eq. (119) also the following identity holds true

. 1.
=L (138)
27

In summary, we have proved the following assertion: the POM for estimating a phase
shift of a pure state |¢)(3| with max-likelihood cost-function is given by

do i

a ia-i-a dqb - —i(n—m 7 -
5 ¢|7><7|€ ¢ = 7 e~ n=—m)o+i(xn Xm)|n><m|

d1I(¢) = > , (139)

nm=0

where the phases vy, depend on the state as follows

_fanslnle)) . (ulv) £0
v (nlb) =0 o
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In practice, it is not too restrictive to consider states with a well defined phase—i.e.
with v, = nv—which are just rotated by an angle v of real positive states having all
Xn = 0. In this case the optimal POM takes the canonical form

() = 523 e i im (141)

nm=0

We have find the optimal POM according to the max-likelihood criterion that
corresponds to a d-like cost function. However, the same POM is optimal for any
cost-function of the form C(o.,¢) = C(¢p — ¢.) where C(¢) is an even 2m-periodic
function on R satisfying

/m0(¢)c0sk¢d¢go, k=12 (142)
0
In fact, any function C'(¢) satisfying Eq. (142) has Fourier series of the form
C(qb):co—chcoskqb, c, > 0. (143)
k=0

Then, consider a general covariant POM

afi() = 5

2> ) om (144)

nm=0

with &,,, = <n|§0|m> and & a generic selfadjoint operator. The average cost is given

by

2rC = co— ck/—coskqb Z ~i(n— m¢§nm<m|¢><¢|n> (145)

nm=0

= co—zck— S () o () (116)

2 0 =k
Positivity of dﬂ(qb) implies that [, ] < vV&wn&mm = 1, hence
> (@n)m(mlv) < 30 [ln)[(mle)] . (147)

[n—m|=k [n—m|=k

and the equality is achieved only if &,,, = ¥ v, with |y,| = 1. It follows that the
minimum cost is

2o = com 3 > S [(wln)llomls)] (143)

kl nm=0

and this is attained by the POM (139).2

2This is another derivation of the optimal POM for the quantum estimation problem of phase
shift of pure states, but for more general cost functions. The second derivation is due to Holevo [14],
whereas the previous one is an extended version of the Helstrom’s proof [1].
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Figure 6: Number and phase probability distribution of optimal phase states with (n) = 20 for
ideal and heterodyne phase detection. Optimal states minimize the r.m.s. phase fluctuations (the
procedure for deriving such states is explained in Ref. [15]).

Notice that in the category (142) one also has the following cost functions
2 ¢

4 sin 5 = 2—2cos ¢, (149)
) T cos(2k + 1)¢
min{¢, 21 — ¢} = 5 - _;;”;) ETIE (150)
o2 4N cosko
|Slﬂ §| = ;— ;kZI 74]{2 1 5 (151)
Srl6) =~ — =3 cosho (152)
o T T coskao .

Minimizing the cost is equivalent to minimize the corresponding periodicized fluctu-
ations (r.m.s fluctuations in Eq. (149)), or to maximize the likelihood in Eq. (152).
Notice that the function min{¢?, (¢ — 27)?} does not belong to category (142). As the
optimal POM is rather insensitive to the choice of the cost function, it can deserve
the name “ideal” POM for the phase.

In Fig. 6 I report a numerical comparison between the ideal and the marginal
heterodyne phase detection. For both cases a state with 20 photons is considered that
minimizes the r.m.s. phase deviation A¢ = 1/(A¢?) of the corresponding detection
probability. It is evident that the ideal POM leads to probability distribution sharper
than the heterodyne POM. Correspondingly, the number probability of optimal states
for ideal detection are slightly broader than the number probability of optimal states
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for heterodyne detection. A more detailed analysis on marginal phase detection can

be found in Ref. [15].

6 Beyond the POM: state reduction and “instru-
ment”

Insofar we have considered only measurements that completely destroy the quantum
mechanical description of the system after the interaction with a macroscopic detector:
this is the case, for example, of photodetection, where radiation is completely
absorbed. We are now interested in a different kind of measurements, which do
not destroy the quantum mechanical description of the system, so that in principle a
second measurement on the system can be performed after the first one. We call this
type of measurements “measurements of the first kind”, generalizing a term introduced
by W. Pauli [16]. Henceforth, the customary measurement—i.e. those that destroy the
state of the system—will be referred to as “measurements of the second kind”.? More
precisely, the definition of measurements of the first and second kind are as follows.
For the second kind measurements the quantum mechanical description is provided
just by the Born’s rule: hence, these measurements are in one-to-one correspondence
with POM’s. For the first kind measurements, on the other hand, the description
provides also the “state reduction” p — pa, which gives the state pa immediately
after the measurement, for a given experimental event A and for state p immediately
before the measurement.* The “state reduction” is needed in order to evaluate the
statistics of repeated measurements. In the following, we will refer to as “statistics
of the measurements” including both the Born’s rule and the state reduction.® The
physical design and the preparation of the measuring apparatus determines the whole
statistics of the measurement. In the following we will analyze the mathematical notion
of “instrument”, which synthetically describes the statistics of a measurement of the

first kind.

6.1 Indirect measurements

The first kind measurement can be defined as a special type of “indirect” measurement
of the second kind. An indirect measurement is a measurement that, instead of being
performed directly on the system of interest, is carried out on a different system, which
may include also the original system itself. Observables are measured that support

3This nomenclature has been used by M. Ozawa in Ref. [17]

4Tn this way the nomenclature “first” and “second kind” can be put into correspondence to the
“levels of description” of Holevo [18]. Here level T of description is the pure probabilistic one provided
by the POM’s, level II is the description of state reduction; finally, level III is the complete unitary
description of the microscopic apparatus.

5 Again this nomenclature is due to Ozawa [17].
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informations on the desired quantities (for example, they have the same expectation
values), but are different from them, and hence have different statistical distributions.
We have already considered this kind

System Probe of measurement in these lectures, when
> we analyzed joint measurements of

Hs  p :U= Hp  pp conjugated quadratures of the field by
heterodyne detection.  The general

scheme of this kind of measurements

is sketched in Fig. 7. There is a

Detector system S and a probe P that interact
(but not necessarily) each other; a
q ESP(X) measurement of the second kind is
performed on compatible observables

corresponding to operators acting on

Figure 7: Geperal scheme of indirect measurement the whole Hilbert space Hs @ Hp. In
of the second lind. this case the state of the system itself
is destroyed, and overall the measurement is of the second kind: the probe P is
needed only in order to make observables compatible. For example, if S + P have
orthogonal projection-valued observables dESP(X) and preparation p® pp (I drop the
subindex S from the system density matrix) and the measurement is performed after

the interaction U, the Born’s rule is given by
dP(x) = Trssp[Up @ pplTdEsp(x)] = Trs[pdlI(x)] . (153)

corresponding to the POM

A

dl(x) = Trp[pplTdEsp(x)07] . (154)

There is a simple way to change the above scheme in order to make it suited to
first kind measurements: just make a second kind measurement only on a probe
observable dEP(X) (it is clear that now the interaction U is strictly needed). The
resulting measurement scheme is sketched in Fig. 8. The Born’s rule is

dP(x) = TrsplUp @ ppUT1s @ dEp(x)] = Trs{pTrp[ppl s @ dEp(x)0]} , (155)
corresponding to the POM
dfl(x) = Tep[ppUT1s @ dEp(x)0] . (156)

Now, in order to determine the state reduction, one assumes that immediately after
this measurement the system S is subjected to another measurement of an arbitrary
observable of S, say with spectral resolution dEs(y).° The joint probability for the

SHere 1 consider that the second measurement is of the second kind. The argument can be easily
extended to the case that the second measurement is itself of the first kind: however, for the present
purpose, this would create a logical loop.
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two combined measurements is
dP(x,y) = TrsplUp @ ppUTdEs(y) @ dEp(x)] . (157)

It is clear that the result would be exactly the same if the measurement described
by dES(y) is performed immediately before—instead of immediately after—the first
measurement (however after the interaction U ). Hence, there is no causal relation
between the “reading of the result x” and the result y of the second measurement.
Now, let us consider the experiment from the point of view of an observer who ignores
the apparatus. He asserts that the first measurement has produced result x according
to the Born’s rule

dP(x) = Tr[p dII(x)] . (158)

Then, he considers the second measurement as performed “immediately after” the

System Probe Detector

A
Y
A

Hs p Hp  pr dp(x)

A
Y
A

Figure 8: Scheme of an indirect measurement of the first kind.

first one, described by the Born’s rule with POM dEs(y), but now the measurement
is performed on a different state, say px, that depends on the result x of the first
measurement. In formulas, the conditional probability dP(x|y) of obtaining y given
the result of the first measurement was x, is given by

dP(xly) = Trs[pxd Es(y)] , (159)
and hence the joint probability of obtaining x and y can be written as follows
AP(x,y) = dP(xly) dP(x) = Tes[px d Bs(y)] Tes[p di(x)] (160)

On the other hand, the probability (160) must be equal to the probability (157): in
this way the following identity is obtained

o Trsp[Up @ pplUTdEs(y) © dEp(x
Trglpxd is(y)] = 2022 Pr ATF(Y) ABr(x)]
Trsp[Up®ppU 15®dEp(X)]

The arbitrariness of the choice of the second measurement yields the following relation

(161)

for any basis {|n)}

Trsp[Up @ ppUTm)(n| @ dEp(x)]
TI’SP[Uﬁ X ﬁpUTis X dEp(X)]

(nlpx|m) = (162)
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namely

Trsp[Up @ ppUT[m)(n| @ dEp(x)]
[Up @ ppUTls @ dEp(x)]

_ Tes{Tep[Up @ ppUT1, © dBp(x)]|m)(nl}

= 2 In)(m| o :
nm TI’SP[U,O®,OPU 15®dEp(X)]

_ Tep[Up @ ppUTH, @ dEp(x)] (163)
TI’SP[Uﬁ X ﬁpUTiS X dEp(X)]

Notice that the denominator in Eq. (163) is just the trace of the numerator over Hs.

px = D In){m|

Hence, we can write Eq. (163) as follows

dI(x)p

- P 164
where the mapping d/(x) is defined as
dI(x)p = Tep[Up @ ppUTls @ dEp(x)] (165)

and is called “instrument”.”

Thus we have seen that the description of a first kind measurement in terms
of Born’s rule and state reduction p — px pertains an observer who ignores the
microscopic description of the apparatus and focuses attention on the system S only.
This also makes clear that the state reduction is not a causal evolution: it is not the
consequence of the first observation and of “knowing the result”, but just the statistical
correlation between the results of the two measurements due to the interaction of the
system with the probe.®

Now, let us consider the properties of the map d/(x) more abstractly. The result
of the measurement is not just a point x: more generally, it is a Borel set, practically
an interval A €R which the readout of the measurement is known to belong to.
The above derivation of the state reduction can be generalized to the following rule
(hereafter we drop the subindex S everywhere)

I
o hs=may )= /A dI(x) . (166)

6.2 Realizable instruments

Mathematically, the map I(A) is a linear transformation of trace class operators with
the following rules

0< Te[[(A)p] <1, T[I(R)p] =1

"For many authors [19] the names “instrument” and “POM” are substituted by “operations” and
“effects”, respectively.
8In my knowledge, this point was first clarified by Ozawa [20].
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(167)
Te[1(U,AL)p] = > Tr[I(A)p], {A,} countable disjoint .

Notice that I(R)p # p, in general.? It is easy to check that the map defined in
Eq. (165) along with Eq. (166) satisfies the above axioms.'® On the other hand, an
abstract map [ satisfying Eqs. (167) fully describes the statistics of a measurement
of the first kind. It gives both the state reduction and the Born’s rule as follows

I(A)p
p— pa % P = [ 4P = TelI(2)0]. (168)
Now we address the problem if an instrument that satisfies axioms (167) can be
physically realized in terms of an indirect measurement involving an interaction with
some probe P, and for a suitable preparation of the probe. In other words, we want
to know if any “mathematically given” instrument d/ is “physically realizable” with
a unitary interaction between S and P, as in Eq. (165). To this purpose, first notice
that Eq. (165) leads to a property for d/ which is stronger than positivity: this is
“complete positivity”. We say that an instrument is completely positive if it satisfies
the following requirement: for any finite sequence of vectors |vy) and |wg), k =1,...,n
one has

n

Z Uk| d[ |wk><wl|]|vl> Z 0. (169)

k=1

From Eq. (165) with pp = |¢){¢| pure state we have

n n

3™ (el [T ) we) (] Jon) = 32 (o T o) (ve] @ dEp ()07 [40) o)

k=1 k=1

n n 2

= 3" (wnl (|0 ) o) (e | (x| [0 o )d Z (iU ) )| dx > 0. (170)
k=1 k=1

°The map I(R) describes a “measurement without reading”: this is the evolution of an “open
system” S in interaction with an “environment” P.
10Tn particular, let us check positivity of the map, namely

(v|dI(x)plvy >0 Vv €M ,Vp traceclass .
One has
(wldI(x)plv) = Te[Up @ ppUT|v)(v] © dEp(x)] .

Both density matrices can be written as convex linear combination of pure states. Hence, it is
sufficient to prove positivity for pure states only, say p = |¢){¢| and pp = |¢){p|. One has

T © o) (AU el @ dB )] = dx ()] @ el DT )| > 0
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Hence, a realizable instrument is completely positive. Remarkably, Ozawa [20]
has proven also the converse assertion, more precisely: Every completely positive
instrument d/(x) is realizable, i.e. there is an extension H @ Hp of the Hilbert space,
a pure state preparation |p) € Hp of the probe, a unitary operator U acting on
H @ Hp, and a selfadjoint operator on Hp with spectral resolution dE(X), such that

AdI(x)p = Tep[0p @ |o) (el 011 @ dE(x)] . (171)

For the proof of the theorem the reader is referred to the original work of Ozawa [20].
We have seen that every instrument d/(x) is associated to a POM dII(x) by
trace-duality as follows

Tr[dIl(x)p] = Tr[dI(x)p] . (172)

It is also true that for every POM df[(x) there is always at least an instrument
dI(x) that satisfies Eq. (172). As a consequence, every POM can be achieved by a
measurement of the first kind, and thus the Ozawa’s theorem generalizes the Naimark’s
theorem.

[ emphasize that an instrument d/(x) unambiguously determines a POM dﬂ(x),
whereas a POM df[(x) can be generally obtained from many different instruments: in
other words, one has the same Born’s rule with different state reductions. The POM
does not contain sufficient details on the apparatus to describe the back action on the
system, whereas the instrument provides a complete description of the statistics of
the measurement. On the other hand, there can be still many different apparatus—
i.e. different probes, probe preparations, and system-probe interactions—that are
described by the same instrument d/(x).*

Now I want to make the relation between instrument and POM more explicit. Let
us consider, for simplicity, the case of continuous spectrum and pure state preparation
|¢) for the probe. One has

Jar = e [0 o it (1o [ axix)]
= [ dx [ (010 (el )3 (ox = x)

[ a0} p(el0T ) = [ axQ0p0ix) . (173)

where Q(X) is the (non-unitary) operator acting on the Hilbert space H of the system
only

Q(x) = (x|U]p) (174)

YThis is the level 111 of description of Holevo [18].
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which satisfies the completeness relation!?

/dxm(x)@(x) =1, (175)

The POM associated with the instrument can be obtained upon substituting Eq. (174)
into (172), and using invariance of trace under cyclic permutations. One has

A A

dli(x) = dx OF (x) Q(x) , (176)
namely
ﬂ(A):/AdeT(X)Q(X). (177)

The generalization of Eq. (177) to the case of discrete spectrum is straightforward.
Now we can immediately see that a way to change the instrument without changing
the POM is the following “local” unitary transformation of operators §2(x)

N N ~

Ox) = Vx)x), VikVx=1. (178)

The transformation (178) does not affect the complete positivity of the instrument
dI(x), however it gives a different state reduction (or “back-action”) with the same

POM.

6.2.1 Example 1: the standard von Neumann model

As a first example, we consider the von Neumann model [21] for a first kind
measurement. Originally the model was conceived for the measurement of the position
of a particle: here I translate it in the language of quantum optics, and I will describe
an indirect unsharp measurement of a field quadrature. The interaction Hamiltonian
is given by

H =2nsXYp (179)
where X = %(aT + a) and Vp = %(al — ap) are quadratures of the field modes

pertaining the system and the probe, respectively. The quadratures X and Yp are the
optical equivalent of position and momentum ¢; and py of two different interacting
particles, as it was considered in the original von Neumann model. Notice that the
present optical model is given only for the sake of exemplification, because is would
be difficult to achieve the Hamiltonian (179) optically (but also mechanically!) In the

12] remind that in our notation the domain of the integral, when not specified, is the spectrum
of the considered observable. Also one should keep in mind that vectors |x) and |¢) in Eq. (174)
belongs to the Hilbert space Hp, so that the matrix element of U between them is an operator acting
on A only (ﬁ is an operator acting on H @ Hp).
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impulsive case (i.e. for strong coupling and short interaction time 7 = k™! — 0) the
operator 2(x) in Eq. (174) is given by

Q(z) = (z]exp(—=2iXVp)|@) = /d:z;’<:1;|:1;’> exp l—f(%l o(2') = p(x — X)), (180)

and hence the instrument is

di(2)|¢)(¢] = de oz = X)) (] p(e - X) . (181)

To obtain the von Neumann state reduction—i.e. the projection over eigenvectors |z)
of X—1let us consider the squeezed-vacuum preparation for P

o(x) = mexp (—ii—j) . (182)

In the limit of vanishingly small ¢ — 0 (e plays the role of the measurement precision)
the reduced state will localize on a narrower and narrower Gaussian centered around
the value x. Formally, we write the limit as follows

dlwp

6.2.2 Example 2: the Arthurs-Kelly model for joint measurements

The previous example can be easily generalized to the case of a joint measurement of
X and Y. In this case we need two different probe modes that commute each other.
Such a measurement model was considered for the first time by Arthurs and Kelly
[22]: here I extend their analysis in order to derive also the state reduction of the
model.

The impulsive interaction Hamiltonian can be chosen as follows

H =h(m XY — 1V X)) (184)

where the choice of signs and constants is for later convenience. For simplicity of
notation we set the interaction time 7 = 1. Let us analyze this model in the Heisenberg
picture. One has

A Ad oA A A 1 A 1 A

X{ == UTXlU == X1 + §K1X — glillizXQ 5 (185)
N At A A N 1 - 1 N

Y, = UTV0 =Y, + Skl — il (186)

It is convenient to require that the indirect measurement of X and Y be “unbiased”,
namely that the time evolved expectation values of X; and Y5 are equal to those of

X and V that we want to measure at t = 0, i.e. (X]) = (X) and (¥]) = (V).
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This can be accomplished by choos-
ing Ky = Ky = 2, and putting
the probe modes into the vacuum
state. However, considering that the

vacuum ﬂuctuations for each quadrat-
I, one has (AX(?) =
which is = larger that

ure is equal to
<AY2/2> = 167
the minimum noise for a Jomt measure-
ment. This suggests the further unit-

Im(a)

ary transformation

A

1 . ) )
X1, X, = V22X,

Xy — —=
1 \/§
A A A 1A -l 111 L1 1 L1 1 L1 1 n-
Vi = V2V, Yy — —=Y;, (187) 10 -5 0 5 10
V2
Re(a)

which minimizes the noise, and can be

achieved by the unitary operator Figure 9:  Brownian-motion effect on the free

U _ ilog2(X1 V- X, ) (188) evolut.ion due to the st.ate reduction of th.e jgint

59 — : first-kind measurement in Eq. (193). This kind
of measurement could account for the trajectory
description of measurements from cloud or bubble
chamber tracks.

The operator (188) squeezes the va-
cuum state of the probe 1’ by a factor
two in the X direction, and corres-
pondingly unsqueezes the state of the probe 2" by the same factor. The squeezing
operator Usq acts before the interaction Hamiltonian H. Hence, in summary, the
model corresponds to the Hamiltonian (184) with probe preparation given by

pP - U5q|0 0><0 0| sq 9 (189)

and with Usq defined in Eq. (188). In order to obtain the instrument corresponding

to the present measurement scheme, we evaluate the operators Q(X) as follows

O(2,y) = o] ofy|exp[—2i(XVi — V' X,)]07,,]0,0)
= ey DT (s + i¥1)0,]0,0) (190)

where b(:z; +iy) = exp[—Zi(:JcY— yX)] denotes the displacement operator acting on H
[Yl and X, can be treated as c-numbers, because they commute each other and with
any system operator]. Using the resolutions of the identity in terms of eigenstates of
Xl and Yg we obtain

Oay) = [ da'dy's(ely)ralyle’)e sy 2o/ | DT (K 4 i¥1)04/0,0)
= /dx’dy G DJ[(:L' +1y') 1 <y’|2<x'|Usq|0,0>

da'dy’ . i oA 1
_ / xr dy eQz(xy —yx )D'i'(x/ T Zy/)

L —%(l’/2+y/2) 191
- 7 , (191)
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and introducing the complex variables @ = = + iy and A = 2’ + 1y’ we recognize in
Eq. (191) the coherent state projector

2 3 A
Or.y) = o) = o [ ZOTT D) = el (192)
Hence, the state reduction is given by
. |a) (a|pla) (]
o = SR oy, (199)

o Tr[|a) (o

]
In Fig. 9 the effect of the state reduction (193) is illustrated for a freely evolving
field mode. The instrument in Eq. (193) reduces the state to a coherent state |a)(c/|
that depends only on the outcome « of the measurement, whatever the starting state
p is. Such kind of measurement—where the reduced state is independent on the input
state—is referred to as Gordon-Louisell'> measurement [23]. In general, a Gordon-
Louisell measurement has an §) operator of the form Q(X) = |x){px|, where |¢x)
denotes a normalized state vector that depends on the reading x, and {|ex)} is a
complete (generally not normalizable) set of vectors in the Hilbert space.
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