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Why to study convex structures?

Optimization problems:

Minimize a cost-function 
that is concave over the 

convex set

Minimum on the set of 
extremal points



Why to study convex structures?
Linear Constraints

corresponds to plane 
sections of the convex

Extremals of the section 
belong to the original 

border

The border of the section 
is the section of the 

border



Notation
• Bipartite states |Ψ〉〉 ∈ H ⊗ K ⇐⇒ operators Ψ ∈ HS(K,H)

|Ψ〉〉 =
∑

nm

Ψnm|n〉 ⊗ |m〉.

• Matrix notation (for fixed reference basis in the Hilbert spaces)

A ⊗ B|C〉〉 = |AC Bᵀ〉〉,

〈〈A|B〉〉 ≡ Tr[A†B].

|I〉〉 =

∑

n

|n〉 ⊗ |n〉



POVM’s

PN

Hilbert space H, d = dim(H)

PN convex set of POVM’s on H with N outcomes

P ∈ PN , P = {P1, . . . , PN}

{|v(e)
n 〉}: eigenvectors of Pe

b(P): dimension of the ”face”

border ∂PN of PN :

b(P) < d
2(N − 1)
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Border of the convex

b(P) = r(P) − l(P)

where

r(P) =
∑

e

rank(Pe)
2,

l(P) = dim[Span{|v(e)
m

〉〈v(e)
n

|}nme]



POVM’s

PN
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Extremal POVM’s
A POVM P = {Pe}e∈E is extremal
iff the supports Supp(Pe) are weakly
independent for all e ∈ E.

We call a generic set of orthogonal projections {Ze}e∈E weakly
independent if for any set of operators {Te}e∈E on H one has

∑

e∈E

ZeTeZe = 0 ⇒ ZeTeZe = 0, ∀e ∈ E.

Extremal POVM’s are not necessarily rank-one!

For N = d2 outcomes there exists always an extremal POVM, which
is rank-one and informationally complete.

There are extremal POVM’s only for N ≤ d2 outcomes.



Channels
C convex set of channels E from S(H) to S(K)

RE = E ⊗ I (|I〉〉〈〈I|)

E =
∑

n
EnρE†

n
canonical Kraus

C

b(E ) = r(E ) − l(E )

where

r(E ) = rank(RE )2,

l(E ) = dim(Span{E†
i Ej})

b(E ): dimension of the ”face”

border ∂C of C :

b(E ) < dim(H)2(dim(K)2 − 1)
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Border of the convex

Imprinting a complete information about a quantum channel on its output state

Giacomo Mauro D’Ariano∗ and Paoloplacido Lo Presti†
Quantum Optics and Information Group, Istituto Nazionale di Fisica della Materia, Unità di Pavia‡ and

Dipartimento di Fisica “A. Volta”, via Bassi 6, I-27100 Pavia, Italy
(Dated: December 9, 2004)

We introduce a novel property of bipartite quantum states, which we call faithfulness, and we say
that a state is faithful when acting with a channel on one of the two quantum systems, the output
state carries a complete information about the channel. The concept of faithfulness can also be
extended to sets of states, when the output states patched together carry a complete imprinting of
the channel.

PACS numbers: 03.65.Ta 03.67.-a

When a quantum system enters a quantum channel, its
state transforms according to a linear, trace-preserving,
and completely positive map E [1]. The input-output evo-
lution of the state ρ can be written in a so-called Krauss’s
form [2]

ρ → E(ρ) =
∑

n

KnρK†
n , (1)

where Kn are operators on the Hilbert space H of the
quantum system, and satisfy the completeness relation∑

n K†
nKn = I, in order to preserve the trace of ρ. It is

natural now to pose the question: is it possible to recover
the channel E from the output state E(ρ)?

It is clear that a single input state cannot be sufficient,
and one actually needs to vary the input state over a
somewhat “complete” set in order to recover the channel
[3], and this is the basis of the so called quantum process
tomography [4]. In Ref. [5] it has been shown how a
fixed maximally entangled state can be used to recover
the channel E , with the entangled state playing the role
of all possible input states in a quantum parallel fashion.
The key feature of the method is that only one of the two
entangled systems is impinged into the channel, whereas
the other is left untouched, as in Fig. 1. The result
is that for an unnormalized maximally entangled input,
such as

|I〉〉 =
∑

l

|l〉 ⊗ |l〉, (2)

where we used the notation |A〉〉 =
∑

ij Aij |i〉 ⊗ |j〉 for
vectors |A〉〉 ∈ H ⊗ H for a fixed orthonormal basis b =
{|i〉 ⊗ |j〉} for H ⊗ H, the corresponding unnormalized
output

SE
.= E ⊗ I(|I〉〉〈〈I|) (3)

is in one-to-one correspondence with the quantum chan-
nel E , the inverse relation being

E(ρ) = Tr2[I ⊗ ρτ SE ], (4)

where Oτ denotes transposition of the operator O with
respect to the same basis b. The above one-to-one cor-
respondence is an application of the Gelfand-Naimark-
Segal representation (GNS) [6] of C∗-algebras: a simple

proof can be found in Ref. [7]. Notice that we have
kept the input vector unnormalized, in order to have the
correspondence valid also for infinite dimensions (the cor-
respondence actually holds between completely bounded
maps and bounded operators).!

"
#
$ !

!
d−1|I〉〉〈〈I|

E
RE

FIG. 1: The input state R is called faithful when the corre-
spondence between the output state RE

.
= E ⊗ I(R) and the

quantum channel E is one-to-one, namely the output state RE
carries a complete imprinting of the quantum channel E .

The question is now: is it possible to keep the corre-
spondence between output state RE and channel E one-
to-one also using a non maximally entangled input state
R? As we will show in this letter, the answer is affirma-
tive. Moreover, quite surprisingly there are even input
separable states which work as well. We will call the in-
put states with such property faithful, namely we will
use the following definition: a state R is faithful when
the output RE

.= E ⊗ I(R) from a quantum channel E is
in one-to-one correspondence with E . In other words, RE
carries a complete imprinting of the quantum channel E .

Using the spectral decomposition R =
∑

l |Al〉〉〈〈Al| for
the input state R, we can write

RE = E ⊗ I(R) =
∑

l

I ⊗Aτ
l SEI ⊗A∗

l

≡ E ⊗R(|I〉〉〈〈I|), (5)

where R(ρ) =
∑

l A
τ
l ρA∗

l , and O∗ denotes the complex
conjugated of the operator O with respect to the basis b.
From Eqs. (3) and (5) we can see that the faithfulness
of R is equivalent to the invertibility of the map R, since
whenever the map R is invertible the output state RE will
be in one-to-one correspondence with SE , and thus with
the channel E . For a pure state R ≡ |A〉〉〈〈A| faithfulness
means simply that the operator A is invertible. In other



Convex of covariant POVM’s

 G. Chiribella and G. M. D’Ariano, Extremal covarian$ 
positive operator measures, J. Math. Phys. 45 4435-4447 (2004) 

G. M. D’Ariano, Extremal covariant Quantum Operations 
and POVM’s, J. Math. Phys. 45 3620-3635 (2004)

For some (reducible) 
representations rank-one 

POVM are forbidden!

Extremal POVM’s are no$ 
necessarily rank-one!



Tomography of operations

F (ρ) = Tr2[(I ⊗ ρᵀ)F ]

M (ρ) = Tr2[(I ⊗ ρᵀ)I ⊗ F−1(R)]
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Tomography of operations
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Tomography of operations
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Quantum Calibration
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Quantum Calibration
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pnρn = F (Pn), Pn = F
−1(pnρn),

F (X) = Tr2[(I ⊗ X)F ]

- pn probability of the outcome n,

- ρn conditioned state, to be determined by quantum tomography,

- F associated map of the faithful state F .



Quantum Calibration
G

. 
M

. 
D

'A
ri
an

o,
 P

. 
Lo

 P
re

st
i,
 a

n
d
 L

. 
M

ac
co

n
e,

 
Ph

ys
. 

R
ev

. 
Le

tt
. 

(i
n
 p

re
ss

) 
(q

u
an

t-
p
h
0
4
0
8
1
1
6
) 

 



Programmability of operations

Probababilistic

OPERATIONS M

pM (ρ) = Tr2[(I ⊗ ρᵀ)RM ]

= Tr23[I ⊗ |Ω〉〉〈〈Ω|)(RM ⊗ ρ)]

RM = M ⊗ I (I ⊗ |Ω〉〉〈〈Ω|)

BIPARTITE STATES R

2

Teleportation.
ρ

Zα

!"#$
R

Vα ρ

Probabilistic programming of oper-
ations.

ρ
Zα
!"#$

RM

M (ρ)

Bell measurements.

Bell
!"#$ ≡ U • %&!!!!

V Uα %&!!!!

Bell
!"#$ ≡ U ′ • %&!!!!

U ′′ Wi %&!!!!

Ω =
1√
d
I, Z0 = |Ω〉〉〈〈Ω|, p =

1

d2



Programmability of operations

Deterministic
MU,σ(ρ)

.
= Tr2[U(ρ ⊗ σ)U†]

CU
.

= MU,A

A

MU,·

CU

No go theorem  (Nielsen-Chuang)
It is impossible to program all 

unitary channels with a single U 
and a finite-dimensional ancilla

Programmable detector.

σ
Z
!"#$ρ

Indirect measurement scheme.

ν
U %&!!!!

ρ ρn

Programmable operation.

σ
U

ρ M (ρ)

Programmable detector.

σ
Z
!"#$ρ

Universal detector.

ν
Universal detector

!"#$ρ data processing
1



Programmability of operations

Deterministic
MU,σ(ρ)

.
= Tr2[U(ρ ⊗ σ)U†]

CU
.

= MU,A

A CU

Problem: The ”big U”

For given d = dim(A) find the
unitary operator U that maximizes
the ”size” of the convex set CU .

MU,·



Programmability of POVMs

A

PZ

MZ

No go theorem
It is impossible to program all 

observables with a single Z and 
a finite-dimensional ancilla

Programmable detector.

σ
Z
!"#$ρ

Indirect measurement scheme.

ν
U %&!!!!

ρ ρn

Programmable operation.

σ
U

ρ M (ρ)

Programmable detector.

σ
Z
!"#$ρ

Universal detector.

ν
Universal detector

!"#$ρ data processing
1

Deterministic

PZ

.

= MZ,A

MZ,σ

.
= Tr2[(I ⊗ σ)Z] = P



Programmability of POVMs

A
PZ

MZ

No go theorem
It is impossible to program all 

observables with a single Z and 
a finite-dimensional ancilla

Programmable detector.

σ
Z
!"#$ρ

Indirect measurement scheme.

ν
U %&!!!!

ρ ρn

Programmable operation.

σ
U

ρ M (ρ)

Programmable detector.

σ
Z
!"#$ρ

Universal detector.

ν
Universal detector

!"#$ρ data processing
1

Deterministic

PZ

.

= MZ,A

MZ,σ

.
= Tr2[(I ⊗ σ)Z] = P

σ
P

PN



Programmability of POVMs
Problem: The ”big Z”

For given d = dim(A) and N =
|Z| = |P|, find the observable Z

that maximizes the ”size” of the
convex set PZ.

A
PZ

MZ

Programmable detector.

σ
Z
!"#$ρ

Indirect measurement scheme.

ν
U %&!!!!

ρ ρn

Programmable operation.

σ
U

ρ M (ρ)

Programmable detector.

σ
Z
!"#$ρ

Universal detector.

ν
Universal detector

!"#$ρ data processing
1

σ
P

Deterministic

PZ

.

= MZ,A

MZ,σ

.
= Tr2[(I ⊗ σ)Z] = P

PN



Programmability of POVMs

A
PZ

MZ

Programmable detector.

σ
Z
!"#$ρ

Indirect measurement scheme.

ν
U %&!!!!

ρ ρn

Programmable operation.

σ
U

ρ M (ρ)

Programmable detector.

σ
Z
!"#$ρ

Universal detector.

ν
Universal detector

!"#$ρ data processing
1

σ
P

Deterministic

PZ

.

= MZ,A

MZ,σ

.
= Tr2[(I ⊗ σ)Z] = P

PN

A ”measure” of the green region
can be given in terms of the accu-
racy ε−1 of the programmability

ε
.
= max

P∈PN

min
Q∈PZ

δ(P,Q)



Approximate programmability
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programmability with accuracy ε−1:

ε
.
= max

P∈PN

min
Q∈PZ

δ(P,Q)

δ(P,Q) = max
ρ

∑

i

|Tr[ρ(Pi − Qi)]|

Controlled-U
Using a joint observable Z of the form

Zi = U†(|ψi〉〈ψi|⊗ IA)U, U =

dim(A)∑
k=1

Wk ⊗ |φk〉〈φk|

with {ψi} and {φk} orthonormal sets and Wk unitary, we can
program observables with accuracy ε−1 using an ancilla with
polynomial growth

dim(A) ! κ(N)

(
1

ε

)N(N−1)

Programmable detector.

σ
Z
!"#$ρ

Indirect measurement scheme.

ν
U %&!!!!

ρ ρn

Programmable operation.

σ
U

ρ M (ρ)

Programmable detector.

σ
Z
!"#$ρ

Universal detector.

ν
Universal detector

!"#$ρ data processing
1



Approximate programmability
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programmability with accuracy ε−1:

ε
.
= max

P∈PN

min
Q∈PZ

δ(P,Q)

δ(P,Q) = max
ρ

∑

i

|Tr[ρ(Pi − Qi)]|

polynomial growth

dim(A) ! κ(N)

(
1

ε

)N(N−1)

to be compared with the best formerly known exponential growth
(Fiurasek)

dim(A) =
1

2
4ε

−1

Programmable detector.

σ
Z
!"#$ρ

Indirect measurement scheme.

ν
U %&!!!!

ρ ρn

Programmable operation.

σ
U

ρ M (ρ)

Programmable detector.

σ
Z
!"#$ρ

Universal detector.

ν
Universal detector

!"#$ρ data processing
1



Approximate programmability
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For qubits: linear growth!

Program for the observable P = {Ug| ±
1

2
〉〈±1

2
|U†

g}

σ = Vg|jj〉〈jj|V
†
g

in dimension dim(A) = 2j + 1, with joint observable

Z = {Πj± 1

2

}

gives the programmability accuracy

ε = δ(P,Q) =
2

2j + 1
dim(A) = 2ε

−1

Programmable detector.

σ
Z
!"#$ρ

Indirect measurement scheme.

ν
U %&!!!!

ρ ρn

Programmable operation.

σ
U

ρ M (ρ)

Programmable detector.

σ
Z
!"#$ρ

Universal detector.

ν
Universal detector

!"#$ρ data processing
1



Exact programmability
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Covariant measurements are 
exactly programmable

G-covariant POVM densities (Holevo theorem)

Pg d g = UgξU
†
g d g, g ∈ G

programmable as

Pg = Tr2[(I ⊗ σ)Fg], ξ = V σᵀV †

with covariant Bell POVM density

Fg = (Ug ⊗ I)|V 〉〉〈〈V |(U†
g ⊗ I)

Programmable detector.

σ
Z
!"#$ρ

Indirect measurement scheme.

ν
U %&!!!!

ρ ρn

Programmable operation.

σ
U

ρ M (ρ)

Programmable detector.

σ
Z
!"#$ρ

Universal detector.

ν
Universal detector

!"#$ρ data processing
1



Bell from local observables
Unitary operator U connecting the Bell
observable with local observables

U(|m〉 ⊗ |n〉) =
1√
d
|Um,n〉〉

of the controlled-U form

U =
∑

n

|n〉〈n|⊗ W
n

e. g. for projective d-dimensional UIR of the Abelian group G = Zd×Zd

Um,n = ZmWn, Z =
∑

j

ωj |j〉〈j|, W =
∑

k

|k〉〈k ⊕ 1|, ω = e
2πi
d .

Controlled-U



Bell from local observables
Unitary operator U connecting the Bell
observable with local observables

U(|m〉 ⊗ |n〉) =
1√
d
|Um,n〉〉

Problem: The ”Bell basis classification”

Classify all Bell orthonormal basis.

Equivalently: classify all orthonormal basis of unitary
operators.

Problem: The ”Bell-izing U ’s”

Find the unitary operators U that
connect a fixed separable orthonor-
mal basis to any Bell orthonormal
basis



use quantum
spins!!

Alice, send me
your frame!

how?!

Transmission of frames
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Sensitivity N
−2 instead of N−1

H
⊗N = ⊕ν(Hν ⊗ C

mν )

Transmission of frames

x
y

z

x'

y'

z'



No need of shared entanglement! 

Transmission of frames



• Use N spins that can carry information about 
the rotation g* that connects the two frames

• Alice prepares N spins in 
• She sends the spins to Bob who receives

• Bob performs a measurement to infer g* and 
rotates his frame by the estimated rotation g

Transmission of frames

|A〉

|Ag∗〉 = U
⊗N
g∗ |A〉
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Transmission of frames

BUT... the use of equivalent irreducible representations 
dramatically improves the sensitivity up  to ∝ 1/N2 ! 

H⊗N
≡ ⊕

J
j=0Hj ⊗ Mj J = N/2

Optimal solution: write the Clebsch-Gordan decomposition

e(g, g∗) =
∑

α=x,y,z

|gn
B
α − g∗n

B
α |2

The deviation between estimated and true axes is

〈e〉 =

∫
dg∗

∫
dg p(g|g∗) e(g, g∗)

The state and the measurement are chosen in 
order to minimize the average transmission error

The previous literature claimed as optimal  an 
asymptotic sensitivity ∝ 1/N  
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Transmission of frames

U⊗N
g |B〉〈B|U†⊗N

g

with |B〉 =
√

2J + 1|JJ〉 +
J−1∑

j=0

(2j + 1)|Ij〉〉

Bob’s measurement that maximizes the likelihood

Entanglement between representation and multiplicity 
space, but no shared entanglement between Alice and Bob 

|A〉 = AJ |JJ〉 +

J−1∑

j=0

Aj |Ij〉〉

with |Ij〉〉 =
1√

2j + 1

j∑

m=−j

|jm〉 ⊗ |m〉

Choose a state of the form
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Transmission of frames
Comparison of the protocol exploiting equivalent representation

with the optimal one without equivalent representations

Number of spins 〈e〉with 〈e〉without

N= 3 1.6114 1.8138

N= 5 0.9136 1.3292

Asymptotic behavior for large N :

〈e〉with ∼ 8π2

N2 〈e〉without ∼ 8
N

Note remarkable increase of transmission efficiency due to equivalent

representations.
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Conclusions

• Convex structures of POVM’s and channels

• Quantum calibration of channels and detectors

• Programmable channels and detectors

• Open problems: 

• Big U and Big Z

• Be'-izing U’s

• Transmission of reference frames with high sensitivity




