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Definition:

By a universal detector we can determine the expectation value (O) of an
arbitrary operator O of a quantum system just by using a different
data-processing for each O.
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Couple the quantum system (Hilbert space H) with an ancilla (Hilbert space K).

e A POVM {II;}, IT; > 0 on H® K is universal for the system iff there exists a
state of the ancilla v such that for any operator O on H one has

Tr[pO] = Z fi(v, O)Tr[(p @ v)IL] (1)

for a suitable | data-processing f;(v,O) | of the outcome 1.

- In terms of the system only:

Tp0] = 3 [ O)TpE ), Sl = el enll], (@)

the POVM {Z;[v]} is informationally complete.
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(A|B) = Tr[A'B]. (4)

e Partial trace rules

Tr[|A) (Bl = AB',

L (5)
Try[|AN (Bl = (B'A) ",
e Multiplication rules (for fixed reference basis in the two Hilbert spaces):
(A® B)|C)) = [|ACB')), (6)
[A) = (ADII) =T ANI), [IHh=) In)®In), (7)
UeUIy = |1y, U=@). (8)
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Frames of operators

e A sequence of operators IS a frame for a Banach space of operators if
there are constants 0 < a < b < +o0 s.t. for all operators A one has

alAl* < Z\ Ea)l* < bJAJ”. (9)
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Bessel series

e The sequence of operators {Z;} is a frame iff the following operator on H ® K
is bounded and invertible (Hilbert-Schmidt operators)

F = Z =0 (E;|.  (frame operator) (10)
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e A sequence of operators IS a frame for a Banach space of operators if
there are constants 0 < a < b < +o0 s.t. for all operators A one has

alAl* < Z\ Ea)l* < bJAJ”. (9)

4
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Bessel series

e The sequence of operators {Z;} is a frame iff the following operator on H ® K
is bounded and invertible (Hilbert-Schmidt operators)

F = Z =0 (E;|.  (frame operator) (10)

e Then, there exists a dual frame {©;} such that every operator A can be
expanded as follows

A=) Tr[OJA]E; . (11)
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e The completeness relation of the frame also reads:

FE = Z @;-f ® =; FE : swap operator on H ® K (12)
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e The completeness relation of the frame also reads:

FE = Z @;-f ® =; FE : swap operator on H ® K (12)

e Alternate dual frames:

03) = FE:) + Vi) — Y (S F =NV (13)

Y; arbitrary Bessel, and F~1|Z;)) canonical dual frame.
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e The completeness relation of the frame also reads:

FE = Z @;_r ® =; E : swap operator on H ® K (12)

e Alternate dual frames:

03) = FE:) + Vi) — Y (S F =NV (13)

Y; arbitrary Bessel, and F~1|Z;)) canonical dual frame.

e For exact frames there is only the canonical dual frame. Alternate duals are
useful for optimization.

Universal measuring devices and quantum calibration-[December 17 2003] [start]-[end]-[back] 10



0
QUL Uni |
wm Universal quantum detectors

Tr[pO] = Z filv, O)Tx[pE;[v]],  Eilv] = Tro[(I ® v)IL]. (14)

[D’Ariano, Perinotti and Sacchi, quant-ph/0306025] [start]-[end]-[back] 11



0
QUL | |
wm Universal quantum detectors
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True independently of p iff
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Tp0] = 3 v OV L=, El) =Tl o). (14

True independently of p iff

O = Zfi(yv O)Ez[’/]v (15)

namely {Z;[v]} is a positive frame, and the data-processing rule is given in
terms of the dual frame

fi(v,0) = Tr [@;{ [y]o] . (16)
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Tp0] = 3 v OV L=, El) =Tl o). (14

True independently of p iff

O = Zfi(yv O)Ez[’/]7 (15)

namely {Z;[v]} is a positive frame, and the data-processing rule is given in
terms of the dual frame

fi(v,0) = Tr [@;{ [y]o] . (16)

e The POVM {Z;[v]} is necessarily not orthogonal.
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I, = Z Ty ut|, (17)
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I =Y (o) wl), (17)
j=1
one has "
=Y " wly et (18)
71=1
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Upon diagonalizing the POVM {IL;} on H® K

I, = Z Ty ut|, (17)

one has

= qu g, (18)
71=1

e |t follows that {IIL;} is universal iff both {\I!;Z)} and {Z;[|v]} are operator frames.
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POVMon H®H: II; = %|UZ>><<UZ\, d = dim(H), a; > 0, U; unitary. (19)
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POVMon H®H: II; = %|Uz>><<UZ\, d = dim(H), a; > 0, U; unitary. (19)

e Special case: {U;} UIR of some group G.

e | Example: | projective UIR of abelian group: UQUBU;[ = eic(o‘ﬁ)Ug

e One can prove that the Bell POVM is necessarily orthogonal and it is universal,
with ancilla state v satisfying Tr[U!vT] # 0 for all a.
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POVMon H®H: II; = %|Uz>><<UZ\, d = dim(H), a; > 0, U; unitary. (19)

e Special case: {U;} UIR of some group G.

e | Example: | projective UIR of abelian group: UQUBU;[ = eic(O‘ﬁ)Ug

e One can prove that the Bell POVM is necessarily orthogonal and it is universal,
with ancilla state v satisfying Tr[U!vT] # 0 for all a.

e Dual set (unique) for data-processing:

OV = = . (20)
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e | Example: | UIR of non abelian group SU(d).

- Frame operator for Z,[v] = U, vTU] (see Eq. (10))

F= / da (U © UZ) ) o7 (U} © UT) = P+~ P*,
42— 1 (21)

PN, o= g
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e | Example: | UIR of non abelian group SU(d).

- Frame operator for Z,[v] = U, vTU] (see Eq. (10))

F= / da (U © UZ) ) o7 (U} © UT) = P+~ P*,
42— 1 (21)

PN, o= g

{Z.[v]} is a frame unless v = d~11.

e Canonical dual frame
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e | Example: | UIR of non abelian group SU(d).

- Frame operator for Z,[v] = U, vTU] (see Eq. (10))

1
F= [ da(UueU) ) (7| U 0 U = P+, P,
1 21 (21)
P ==\1){{ —
d| >><< ‘7 a dTI'[(VT)Z] _ 17
{Z.[v]} is a frame unless v = d~11.
e Canonical dual frame
Tr[(v7)?] — d
O] = aUs TS + b1, b= )] (22)

T dTx[(vT)?2] - 1
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One must have
Triél =1, Tr[pv™é] =d. (24)

e The canonical dual frame minimizes the variance averaged over all pure states.

e The optimal ancilla state v is pure.
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e Consider alternate dual frames of covariant form

Oalv] = UslU] . (23)

One must have
Triél =1, Tr[pv™é] =d. (24)

e The canonical dual frame minimizes the variance averaged over all pure states.

e The optimal ancilla state v is pure.

e | Other examples: | SU(2) UIR's on H with dim(H) > 2, ...
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- By taking dim(K) = L, one has the following orthogonal POVM for H ® K
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ey o Universal POVM's: the separable case
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e | Example: | observable operator frame on H

) =Y ala®) @],  1=1,2,..,L>dim(H)?.  (25)
k

- By taking dim(K) = L, one has the following orthogonal POVM for H ® K

My = lex(@))(er(D] @[], ]1)} ONB for K. (26)

= tomography + ancillary quantum roulette.

e Data-processing function:

Tr[CT(1)O]
{lv|l)

fri(v,0) = ck(l), (llv|l) # 0 V. (28)
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1. General classification of universal POVM's (with any degree of entanglement),

2. Methods for generating positive operator frames from complex operator frames.

3. Are there universal Bell POVM's based on unitary frames that are not a group
representations?

4. For H ~ K is any universal POVM Bell?

5. Is a Bell POVM always "better” than a separable one?

6. Is the canonical dual frame always "optimal”?

7. Is there always a pure ancillary state? Is it always "optimal”?

8. Weakly universal POVM's: the ancilla state v depends on the operator O to be
estimated.
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- Answer: it is impossible to have a detector which is programmable exactly
using a finite-dimensional ancilla  [M. Dusek and V. Buzek quant-ph/0201097 from no-go
theorem by Nielsen and Chuang [PRL 79 321 (1997)]

e Alternatives:

Which continuum sets of detectors can be achieved with a single
programmable detector having a finite-dimensional ancilla?

Is it possible to have an approximately programmable detector?

Which minimal resources are needed to achieve all possible POVM's?

Is there a special unitary U to be chosen for the ancilla-system interaction?
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- The general form of a G-covariant Bell POVM

4B, =dg(U, 8 I)IV){VIU} @ Iv) g€G, (29)

V e U(H), {U,} UIR of G on H and d g Haar invariant measure.

- Covariant POVM

d P, =Tro[dBy(I®v)] =dgU, Ul (=VvVT (30)
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G = Zy X 7,

271

U(m,n) =Z"W", Z=>Y )G, W=) |k)(kdl], w=ed. (31)
J k

e Unitary operator V' connecting the Bell observable with local observables

V(im) ®|n)) = %IU(m,n)»- (32)

e V is of the controlled-U form

/AR

V=2 liiew"
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We need to achieve only "indecomposable” detectors, i. e. extremal POVM's

(non extremal POVM's are achieved by a random choice between different
indecomposable apparatuses)

e The observables are a special case of extremal POVM's, and they are all
connected each other by unitary transformations.

e Nonorthogonal extremal POVM's are generally not connected by unitary
transformations.
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equivalent to the nonexistence of non trivial solutions D for the equation

> D, =0, Supp(D,),Rng(D,) C Supp(Py). (34)

Theorem 2 (Parthasaraty) A POVM P is extremal iff the operators
|v§n)><v](-n)| are linearly independent, for all eigenvectors \v§n)> of P,.

[G. M. D’Ariano and P. Lo Presti, (quant-ph/0301110)] [start]-[end]-[back] 22



0
OU
e ‘ Convex structure of POVM'’s I

Corollary 1 Orthogonal POVM’s are extremal.

[G. M. D’Ariano and P. Lo Presti, (quant-ph/0301110)] [start]-[end]-[back] 23



0
OU
T Convex structure of POVM’s I

Corollary 1 Orthogonal POVM’s are extremal.

Corollary 2 If some elements have non-disjoint supports, then P is not
extremal.

[G. M. D’Ariano and P. Lo Presti, (quant-ph/0301110)] [start]-[end]-[back] 23



0
OU
T Convex structure of POVM’s I

Corollary 1 Orthogonal POVM’s are extremal.

Corollary 2 If some elements have non-disjoint supports, then P is not
extremal.

Corollary 3 If

> dim[Supp(P,)]* > d?,  d=dim(H). (35)

then the POVM P = {P,} is not extremal.
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Corollary 1 Orthogonal POVM’s are extremal.

Corollary 2 If some elements have non-disjoint supports, then P is not
extremal.

Corollary 3 If

> dim[Supp(P,)]* > d?,  d=dim(H). (35)
then the POVM P = {P,} is not extremal.

This means that a POVM with too many elements (i. e. N > d?) will be
decomposable into several POVM's, each with less than d? non-vanishing
elements.
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Extremal POVM'’s in dimension d = 2

e From the sufficient condition for non-extremality

Y " dim[Supp(P,)]* > d?, (36)

we obtain that for a qubit the extremal POVM'’s cannot have more than N = 4 results, and
must be of the form

PZ:OQ(I—FTMO'), 047;20, Zaizl, Z a;n; = 0. (37)

e For N = 2 they are the usual observables.

e For N = 3 and N = 4 they correspond to triangles or tetrahedra inside the Bloch sphere.

- /

[G. M. D’Ariano, and P. Perinotti, unpublished] [start]-[end]-[back] 24
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e Problem: evaluate da(€) where da is the minimum dim(A) which satisfies (40).

e All the observables make the manifold SU (d) /U (1)%"*. Therefore, for V' of the controlled-U
form V.= ). |7)(J] ® Vj it will be sufficient to find a covering such that

min |V; — Uls < e/Vd. (41)
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e Approximate the observable X by a fixed programmable device
X, =U'ny(n|U ~ 2 = Tr, [VII @ |n)(n|)V (v ® I)] (38)
where the observables are close in term of the physical distance

d(X,Y) = prgs%g)z | Tr[(Xn — Ya)ol| < D 1 X0 — Yal. (39)

e The e-programmable observable must satisfy the bound

max min d(X, Z(V)) <e. (40)
X veS(A)

e Problem: evaluate da(€) where da is the minimum dim(A) which satisfies (40).

e All the observables make the manifold SU (d) /U (1)%"*. Therefore, for V' of the controlled-U
form V.= ). |7)(J] ® Vj it will be sufficient to find a covering such that

min |V; — Uls < e/Vd. (41)
J

o It follows that da(e) = O(e"“TY). For POVMS one has da(e) = O(e"e(d%l)).
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Quantum Z:
= operation — X \ l
-\ X V ity
Rs =& ® J(R) (42)

For faithful input state R this is a 1-to-1correspondence between Rs and &.

The quantum operation & is extracted from the output state as follows

E(p) = Trol(I ® p1) I @ Z™ (Re)],  Z(p) = Tr[(p" ® )R] (43)

[D’Ariano and Lo Presti, Phys. Rev. Lett. 86 4195 (2001),Phys. Rev. Lett. 91 047902 (2003)] [start]-[end]-[back] 26



0
QUi ‘ |
e Homodyne tomography

e In quantum optics for each field mode a quorum = {quadratures}

Xy = % (aTeM) + ae_w) = @ cos ¢ + P sin ¢.

T g o0 | |
()= [ Bu(Xsi9)) . Bu(wio) =% [ dklkiT{Ee e
1= c'c |-
@ 112 WX, P)

: 1= did e

| | §—
I'id J

b(LO) |z~

[G. M. D’Ariano, Scuola “E. Fermi”, (IOS Press, Amsterdam 2002) pag. 385.] [start]-[end]-[back] 27
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Pauli matrices I , o, , 0, , 0, orthonormal basis for the qubit operator space:

H =1l Tr(cH)+ ITr(H) .
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Pauli matrices I , o, , 0, , 0, orthonormal basis for the qubit operator space:

H =1l Tr(cH)+ ITr(H) .

e In Quantum Optics the qubits are encoded on polarization of single photons:

o, = h'h — ”UTfU,
| T = D)nl0), | 1) = [0)n[1)w,

T g, T C%— Ox,y
— ~—) — ~—)

PBS A4 PBS

Universal measuring devices and quantum calibration-[December 17 2003] [start]-[end]-[back] 28



L
OuUn ‘ |
el et Faithful states

e The set of faithful states R is dense within the set of all bipartite states.

[G. M. D’Ariano and P. Lo Presti, Phys. Rev. Lett. 91 047902 (2003)] [start]-[end]-[back] 29



L
OuUn |
el et Faithful states
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e However, the knowledge of the map & from a measured Rs will be affected by increasingly

large statistical errors for % approaching a non-invertible map.
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e Therefore, most mixed separable states are

faithfull [e. g. Werner states are a. a.
faithfull.

0.5
|
|

Ann

0

[G. M. D’Ariano and P. Lo Presti, Phys. Rev. Lett. 91 047902 (2003)] [start]-[end]-[back] 29



L
OuUn |
el et Faithful states

e The set of faithful states R is dense within the set of all bipartite states.

e However, the knowledge of the map & from a measured Rs will be affected by increasingly
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e Therefore, most mixed separable states are

faithfull [e. g. Werner states are a. a.
o L \ faithfull.
o
= e The most "efficient” states are the maxi-
mally entangled ones.
o ! I

’_:,-— G e For d = oo faithfulness depends also on
] the matrix representation [e. g. Gaussian
e displacement noise with @ > 1].
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In terms of the POVM P = { P,,} of the detector, the outcome n will occur with probability
p(n) corresponding to the conditioned state p,, given by

p(n) = Te[(By ® DR],  py rl;:[[(f" 2 f))g],

(44)
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n

- P

n

In terms of the POVM P = { P,,} of the detector, the outcome n will occur with probability
p(n) corresponding to the conditioned state p,, given by

Trl[(Pn ® I)R]

p(n) = T{(PL @ DE],  po = s oo, (44)
from which we can obtain the POVM as follows
P, =p(n)[Z ' (pa)]'s %(p) = Tri[(p" ® I)R]. (45)
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e From tomographic data one can recognize when the POVM is actually an "observable”. This
happens when the POVM is commutative.
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n

- P

n

e From tomographic data one can recognize when the POVM is actually an "observable”. This
happens when the POVM is commutative.

e Then the POVM corresponds to any observable K = {|k)(k|} which commutes with {P,}.
From tomographic data one reconstructs the matrix elements (k| P, |k) corresponding to the
conditioned probability distribution p(n|k) = (k|P,|k).
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Figure 1: Homodyne tomography of an On/Off photo-detector with quantum
efficiency n = 0.4 and thermal noise photon number v = 0.1. The reconstruction
is obtained by pattern-function averaging of 1.5 - 10% data, for homodyne quantum
efficiency n» = 0.9 and twin beam thermal photon n = 3.
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Figure 2: Homodyne tomography of an On/Off photodetector with quantum
efficiency n = 0.4 and thermal noise photon number v = 0.1, with n = 3 photons
in the twin-beam. The ML estimation of the diagonal of the only Off POVM
element are reported for different values of sample size NV and homodyne quantum
efficiency ng. Left: N = 10, ng = 0.7, Middle: N = 104, ng = 0.9; Right:
N =108, ng = 0.7 .
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A schematic of the experimental setup. NOPA, non-degenerate optical parametric
amplifier; LOs, local oscillators; PBS, polarizing beam splitter; LPFs, low-pass
filters; BPF, band-pass filter; G, electronic amplifier. Electronics in the two
channels are identical. The measured distributions exhibit up to 1.9 dB of
quantum correlation between the signal and idler photon numbers, whereas the
marginal distributions are thermal as expected for parametric fluorescence.
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Marginal distributions for the signal and idler beams. Theoretical distributions for the same mean
photon numbers are also shown [Phys. Rev. Lett. 84 2354 (2000)].
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Results
Left: Mea-

sured joint photon-number prob-
ability distributions for the twin-
beam state. Right: Difference
photon number distributions cor-
responding to the left graphs
(filled circles, experimental data;
solid lines, theoretical predictions;
dashed lines, difference photon-
number distributions for two in-
dependent coherent states with

the same total mean number of

photons and m = m.) (a)
400000 samples, n = m = 1.5,
N = 10; (b) 240000 samples,
n =32 m=30, N = 18§;
(c) 640000 samples, m = 4.7,
m = 4.6, N = 16. [back to

photodetector calibration]
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1. There are Bell POVM's that are universal observables.

2. There are separable universal observable corresponding to a quantum
tomography + ancillary quantum roulette.

3. Many open problems...

4. | Conjectures:

All Bell POVM are universal.

Bell POVM's are "optimal” versus separable.
Canonical dual frames are "optimal”.

There exists always a pure ancillary state.
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Universal quantum detectors

4. | Conjectures:

. There are Bell POVM's that are universal observables.
. There are separable universal observable corresponding to a quantum

tomography + ancillary quantum roulette.

3. Many open problems...

All Bell POVM are universal.

Bell POVM's are "optimal” versus separable.

d) There exists always a pure ancillary state.

(a)
(b)
(c) Canonical dual frames are "optimal”.
(d)
(e) Pure ancillary states are "optimal”.
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With a finite-dimensional ancilla:

1. A general exact programmable detector is not achievable.

2. A covariant programmable detector is achievable.

3. A general e-programmable detector is achievable with da(e) = O(e
4. It can be build up using a controlled-U.

K€d2)

Absolute quantum calibration

1. Using quantum tomography with a bipartite faithful state one can perform
an absolute quantum calibration of a measuring apparatus.

2. In particular one can perform an absolute calibration of a photodetector.

3. The method is robust to detection noise and to mixing of the input state.
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it Quantum Mechanics: physical axioms?

Informationally complete POVM's = calibrators: "the quantum

standards of the International Bureau of Weights and Measures a
Paris” — Chris Fuchs.
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