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Why to study convex structures?

Optimization problems:

Minimize a cost-function
that is concave over the
convex set

Minimum on the set of
extremal points



Why to study convex structures?

Linear Constraints

corresponds to plane
sections of the convex

The border of the section
is the section of the

border

Extremals of the section

belong to the original
border
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Notation

e Bipartite states |¥) € H® K <= operators ¥ € HS5(K, H)

[O) =D Wom|n) ® |m).

e Matrix notation (for fixed reference basis in the Hilbert spaces)

A® B|C)) = |AC BT)),

(A|B) = Tr[ATB].




POV M’s

Hilbert space H, d = dim(H)
PN convex set of POVM’s on H with N outcomes

PE(@N,P:{PM...,PN}

{\vﬁf))}: eigenvectors of P,

Border of the convex

G. M. D'Ariano, P. Lo Presti, and P. Perinotti
Phys. Rev. A (submitted) (quant-ph0408115)

r(P) =) rank(P.)?,

(&

|(P) = dim([Span{|vy)) (03 [ }rme]



4 POVM’s

i Extremal POV M
/
/A POVM P = {P,}.cE is extremal

/

-/ iff the supports Supp(P.) are weakly
i independent for all e € E.

We call a generic set of orthogonal projections {Z.}.cg weakly
independent if for any set of operators {7, }.ceg on H one has

Sz 2l AT 7L — 0, Ve ¢ .
eck

G. M. D'Ariano, P. Lo Presti, and P. Perinotti,
Phys. Rev. A (submitted) (quant-ph0408115)

Extremal POV M5 are not necessarily rank-one!

There are extremal POVM’s only for N < d? outcomes.

For N = d? outcomes there exists always an extremal POVM, which
is rank-one and informationally complete.



Channels

% convex set of channels & from S(H) to S(K)

L e e
=

Re =8 @ Z(|I)H({(I|) Choi isomorphism.

& =5 E,pE! canonical Kraus

Border of the convex
b(&) = r(¢&) =€)

where

and P. Perinotti, (unpublished)

G. Chiribella, G. M. D'Ariano,

r(&) =rank(Rg)?,
[(&) =dim(Span{E! E;})




Convex of covariant POV M’s

Covariance is a linear constraint

G. M. D’Ariano, Extremal covariant Quantum Operations
and POV M5, J. Math. Phys. 45 362073635 (2004)

G. Chiribella and G. M. D’Ariano, Extremal covariant.
positive operator measures, J. Math. Phys. 45 4435-4447(2004)

For some (reducible)
representations rank-one

POVM are forbidden!

Extremal POV M’ are not.
necessarily rank-one!



Tomography of operations

STATES p
Lot Tomography

F : faithful state
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G. M. D’Ariano and P. Lo Presti,
Phys. Rev. Lett. 91 047902-(2003)
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Tomography of operations

STATES p OPERATIONS .#

Tomography
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G. M. D’Ariano and P. Lo Presti,
Phys. Rev. Lett. 91 047902-(2003)
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Quantum Calibrat
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G. M. D'Ariano, P. Lo Presti, and L. Maccone,

Phys. Rev. Lett. 93 250407 (2004)

(Quantum Calibration

- p, probability of the outcome n,
- pn conditioned state, to be determined by quantum tomography,

- % associated map of the faithful state F'.



(Quantum Calibration

‘.
_,_,,.w
¥
=  —
yd
H =
1
| = o
! —— |
f *
L_- e Pong
s SR | = l
*I_ ,_q s =
1 (T | — ,
e ! [ 1
__H..._ ! 1 g [ -
[ = ==k == [ —
| - _...“..r._ L —.
A Saeeea . _
[ ’ i N
= e |
3 i
= = =5
= -
o L el
= -
o
=

(#002) £0¥0SZ €6 1197 "A9Y “SAyd
‘sauodde|y ] pue ‘iisald 071 'd ‘ouenly.d ‘W ‘O



Programmability of operations

BIPARTITE STATES R OPERATIONS .2/

i

&

Probababilistic

pt (p) = Tra[(I @ pT) R ] i a
= Tra3[l @ [ (Q)(R.r ® p)]

R =t © 7(I0 |0 A (p)



Programmability of operations

Determainistic
My, (p) = Tra[U(p @ 0)U'] .
No go theorem (Nielsen-Chuang)
______ CKU:‘//U“Q% It is impossible to program all
unitary channels with a single U
] and a finite-dimensional ancilla




Programmability of operations

JIRLELEES Probl - The 7bi 9
Deterministic ‘ e e "big U I

- T
My, (p) = Tr2[U(p ® 0)U'] For given d = dim(A) find the

Cu = My umtixr.y o’],perator U that maximizes
the ”size” of the convex set €.



Programmability of POV Ms

Determainistic

Mg =Tro[(I®0)Z] =P




Programmability of POV Ms

Determainistic No go theorem
1Yty S Tl S PR Al o It is impossible to program all
i 2| il observables with a single Z and
Py = Mz a finite-dimensional ancilla

M7 | ; 9




Programmability of POV Ms
Deterministic ‘Problem; The "big Z”I

Mz.o = Tr2|(I®0)Z] =P g, given d = dim(A) and N =
Py = My o Z| = |P\., ﬁnd the ob§ervable Z
that maximizes the ”size” of the

convex set Hy.

M7 | ; 9




Programmability of POV Ms

Determinastic A "measure” of the region

My - = Tro|(I 71 _ p can be given in terms of the accu-
i ietoaliititn racy ¢ ' of the programmability
Py = Mz, o

£ = max min o(P,
PcP N Qe Py ( Q)




Approximate programmability

programmability with accuracy ¢ '
7 e = max min o(P,
/ PcXn Qe Pz ( Q)

(P, Q) = manZ | Tr[p(P; — @Qs)]

Using a joint observable Z of the form / ) g?f)f}f?
;;2125

dim(.A)
Zi =UN([a) (il @ LU, U= > Wi ®|dr)(en
fo =1t

with {1;} and {¢x} orthonormal sets and W} unitary, we can
program observables with accuracy €~ ! using an ancilla with
polynomial growth

dim(A) < K(N) (1) i

8

G. M. D'Ariano, P. Perinotti, submitted to
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G. M. D'Ariano, P. Perinotti, submitted to
Phys. Rev. Lett. (in press: quant-ph0410169)

Approximate programmability

For qubits: /inear growth!

Program for the observable P = {

1/2
U2 -

L

o = UWD|j5)(j§|UD1

LqL
o

1/2
U; 21}

in dimension dim(.4) = 25 + 1, with joint observable

7 — {H(J’i%)}

gives the programmability accuracy

2
2j + 1

=0 (P Q) i

dim(A) =

3ty



Exact programmability

| Covariant measurements are
f/ exactly programmable
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G-covariant POVM densities (Holevo theorem)

P,dg=U,Uldg, g¢€G

programmapble as

P,=Tr[(I®0)F,)], &=VoTVl

with covariant Bell POVM density

G. M. D'Ariano, P. Perinotti,
Phys. Lett. A 329 188 (2004)

Fy = Uy, @ DIV){VI(U; ® 1)



Bell from local observables

G. M. D’Ariano and P. Perinotti, On

th lizati f Bell ob bles, H ?
iyl i Unitary operator U connecting the Bell
observable with local observables
" il 1
U(lm) ® |n)) = —=|Um,n))

Vd

e. g. for projective d-dimensional UIR of the Abelian group G = Z; %X Z4

. )
QIR 2 =S G W = ) Rk @], w=ed .
k

J



Bell from local observables

Unitary operator U connecting the Bell
observable with local observables

U(jm) ® 1) = = |Uns.)

- tibl i
\‘/
WI]

Problem: The "Bell-izing U ’s”

Find the unitary operators U that
connect a fixed separable orthonor-
mal basis to any Bell orthonormal
basis

‘Problem: The "Bell basis classiﬁcatwn”.

Classify all Bell orthonormal basis.

Equivalently: classify all orthonormal basis of unitary
operators.



Summarizing
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Summarizing

STATES p " OPERATIONS .#
s | 1 Programmability | /
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Pre and Post-processing of POV M’s
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Pre and Post-processing of POV M’s

post_processing



Pre and Post-processing of POV M’s

HEREE L it i data processing
Post-processing is classical
it s P
A — & A

Pre-processing is quantum.



E Buscemi, G. M. D’Ariano, M. Key/,

P, Perinotti, R. Werner (unpublished)

Clean POV M’s

N

—{

* A quantum channel transforms POV M’s into
POV M’s, generally irreversibly:

* This poses the following problem: whzch
POV M5 are “undisturbed”, namely they are not.
irreversibly connected to another POV M?

e We will call such POV M’s ‘clean”.



Clean POV M’s

Pre-ordering: cleanness

For two POVM’s P and Q we define P > Q iff there exists a channel
& such that

Q=~&P),
and we will say that the POVM P is cleaner than the POVM Q.

We will say that P ~ Q if both Q >~ P and P > Q hold.

We call a POVM P ”clean” iff for any POVM Q such that Q >~ P
one has P ~ Q.



Clean POV M’s

Two false conjectures

® Cleanness equivalence coincides with unitary equivalence:
talse!

® (Cleanness coincides with extremality: talse!



Clean POV M’s

Main result

Theorem. For N < d outcomes there are no clean POVM’s. For
N = d the set of clean POVM’s coincides with the set of observables.

Other results
e All rank-one POVM’s are clean.

e For d =2, P ~ Q iff P is unitarily equivalent to Q.
e For A and B effects, A > B iff
Am(A), An(A)] 2 [Am(B), An (B)]-

o If the POVM Q is infocomplete then every P such that P > Q is
infocomplete, too.

e For infocomplete POVM’s cleanness-equivalence is the same as
unitary equivalence.



Clean POV M’s

e For A and B effects, A >~ B ifi

s

Am(A), A (A)] 2 [Am(B), An (B)].

Cleaness-equivalence is different
from unitary-equivalence.

Proof: Consider two eftects with different
spectrum and the same spectral interval...



Clean POV M’s

There are clean POV M’s that are not extremal ...

e. g. a rank-one POVM with N > d?

... and extremal POV M’s that are not clean

e. g. any extremal POVM with N < d
outcomes, such as for d = 3, P = {Zy, 71}
with

Zo = 10){0],  Z1 = |1)A|+ [2)(2].



Clean POV M’s

Question: What does it mean that there
are extremal POV M’s that are not clean?

Answer: sometimes we need to give-up some “amount of
information” for the “quality of the information”.

Maximizing the “information” from the measurement is not
necessarily compatible with the achievement of the minimal “cost”.

Once the measurement is performed, no classical post-processing
can achieve the same result of a quantum pre-processing.

Only for infocomplete measurement we have
the same information available for a purpose
that is decided « posterzor:.



Cleanness under post-processing

We can define a cleanness for post-processing
analogously to pre-processing.

Theorem. A POVM is clean under post-processing ift it is
rank-one.

-~

Rank-one POV M’s are clean under
pre- and post-processing

Both observables and rank-one infocomplete POV M’s are:
1) extremal; 2) clean under post-processing;
3) clean under pre-processing



Main open problems

“The big U”

“The big Z”

The “Bell-izing” U
Classification of Bell POV M’s

Complete classification of clean POVM’s and
cleanness ordering

All problems are unsolved even for d=2!
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The fun with Quantum
Information is that you can study
the foundations of the enigmatic
world of Quantum Mechanics, and,
at the same time, you make
something useful for practical
applications
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