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Determznistic programming

Pv,o(p) = Tra[V(p® o) V7]




Programmability of channels

No go theorem (Nielsen-Chuang)
Pv o (p) = Tra|[V(p ® U)VT] It is impossible to program all

unitary channels with a single V
R — Py and a finite-dimensional ancilla




Nielsen-Chuang theorem

Suppose distinct (up to a global phase) unitary operators Uy, ...Un
are implemented by some programmable quantum gate array. Then
the program register is at least N dimensional. Moreover, the

corresponding programs|¥1), - - -, [N ) are mutually orthogonal.

Proof: for arbitrary |[¢) € H

V() ® |vhi)) =Usleh) ® [eh3)
V() @ [95)) =Us 1) ® [¢5)

(i) = (WL | UTU; )

(Pilh) #0 = EZ, Zi’i = (|UJU;|v) = UlU; =el
AR

(Wili) =0 = (Ys|vh;) = 0N




The joint unitary that programs perfectly the unitary
operators Uy, ...Up is the controlled-U operator
(modulo local unitaries)

V=>_,U; ®|¢;) (1]
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‘Problem: The most efficient Unitary.

For given d = dim(.2/) find the uni-
tary operators V' that are the most
efficient in programming channels,
namely which minimize the largest
distance of each channel C € ¥
from the programmable set Py o :

(V) =max min 6(C,P)
Ce€ ’PEQZV’gf



one would like to use 6(C,P) = |C — P|cn

instead we use

P)=+1-F

where F'(C,P) is the Raginsky fidelity

F(U,P) = dQZ|TrCTU]\ =1 .Ut

F(V) = Urgld](aH)F(U V), FU,V)= gnEa;EF(Z/{ Pv o)



GNS representation
e Bipartite states |¥)) € H® K <= operators ¥ € HS(K, H)

U) =D Wpmln) © [m).

e Matrix notation (for fixed reference basis in the Hilbert spaces)

A B|C)) = |AC BT)),

(A|BY = Tr[ATB].



GNS representation

cyclic vector |I)) € H® K
U eH5(K,H), |¥) =)

transposition

V) = (@) =T YT)I)
complex conjugation

X* = (X

(lv) (] @ D) = |v)|v7)



V=S e W) (],

Krauss form_,

Pv,o(p Z CrumPCluy  Cm = Y €% Wrlor) (v}, [ UL/ A
k
[Un ) denotes the eigenvector of o corresponding to the eigenvalue \,,

Z | Tr[C 2= O T UT 0T U]
kh

= Tr[oTS(U,V)'S(U, V)]

S(U,V)=> e " ulUy,
k

1
Max over o F(U,V) = ﬁ”S(Ua V)I?.



1
F(U,V) = =S, V)2

S(U,V)=Tr1[(UT® 1)V

Changing V by local unitary operators transforms S(U, V') in the following
fashion

S(U, Wy @ W)V (W5 @ Wy)) = Wi S(WUW], V)W



V = (W1@Ws)expli(a101®01T+a202Q02T+a3030037) | (W3 @Wy)

— W, —e— X, ° Z_% — X ., — Z% Ws —
—A Wy b Z0; —BD— 2z — D L2z AWy —
Figure 1.

Quantum circuit scheme for the general joint unitary operator V
Here we use the notation Gy = exp(i¢og) with G = XY, Z.

study only joint unitary operators of the form

V = exp|(i(a101 ® 017 + ag02 ® 027 + a303 @ 037)]



V = exp[(i(a101 @ 017 + 202 ® 02T + azo3 ® 037)]

eigenvectors:  |U;) = oA lo;)  (Bell basis)

3 V2

1 H
S(U,V):§Z€ QJJJUJJ 90:&1—|—042—|—063, (91':205@'—(90
7=0
. U = TL()I +m-o
Bloch representation:
ny € R and n3 + |n|* =1

S(U,V) :leI—Ffl'O',
3

1 :
iy =ting, 0<j<3tg=5) e,
=0

ti=e 90 e 1y, 1<5<3,  t;=|t;]e"%, 0<j <3,



V =exp|(i(a101 ® 01T + @202 ® 027 + 303 ® 037)]

|S(U,V)|?=u-t+ Vu:Tu

where u = (n%,n%,n%,ng), t = (‘tO‘Qa‘tl‘Zv‘tZ‘Qv‘t3‘2)7 and Tij =
;%] |2 sin®(¢; — ¢;). One has the bounds

ILFHMTMZuwzmmWP
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ﬂmzﬁmMM-
take g = 0,01 = /2,05 = 7,03 = 7w/2, corresponding to the eigenvalues
i,1,—1,1 for V. Another solution is 8y = 0,601 = —7 /2,05, = 7,03 = —7/2.



V = exp[(i(a101 @ 017 + 202 ® 02T + azo3 ® 037)]

F= max F(V)

VEU(H®2)

1

E

the corresponding optimal V' has the form

V =exp |T1— (O’x XORT( 19w T T ®O'Z)

T
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Figure 2. Quantum circuit scheme for the optimal unitary operator V'



controlled-U

2
= Z Vi ® |vi) (Vx| (1)) =0, Vi, Vs unitary on H ~ C?
k=1

1
FErV ) = Z\ TI[VJUHZ h = arg maxy | Tr[VkTUH

F(V) = mUi_nF(U, V)=0



Programmab111ty of POVMs

Deterministic

Py, = Tra|(I ® 0)Z)
Py =Pz o

Zi{ZhZQa"'?ZN}
Pi{PhPQa"'aPN}




Programmability of POVMSs

Deterministic channel Determnistic POV Ms
programmability programmability



Programmability of POVMSs

No go theorem

sza — Tr2 [([ X O')Z] It is impossible to program all

observables with a single joint

@Z — PZ’% observable Z and a

finite-dimensional ancilla
&z |




No go theorem

Suppose M distinct observables X1, Xa, ..., X are implemented
by some programmable quantum gate array. Then the program
register is at least M dimensional. Moreover, the corresponding
programs |¥1), - - -, |¥ar) are mutually orthogonal.

Proof: X, = Try[(I ® |¢;){1])Z]
27 (@] = Tra (I @ ) (wn]) 2]
(@™ (1| 29D |2{™ ) ahr) = §jnbjm
ZD M) = |217) )
ARVANESBVAL ZD |z} ) = 6551z;” ) aha)
(i) (@ |2y = 0, i # ]
X; # Xy = (U|Yr) = o B



The joint observable that programs perfectly the
observables X1, X, ..., X s IS the controlled-O

Operat()r
Z="> X;® )]
:

which can be implemented with a fixed local
observable and a controlled-U




‘Problem: The most efficient Obsem}ablel

PZ,O‘ — TI'Q [(I X O-)Z] For given d = dim(«) and N = |Z| =
IP|, find the observables Z that are the
! most efficient in programming POVM’s,

P Z PZ,@%

namely which minimize the largest dis-
tance of each POVM from the pro-
grammapble set:

= max min (P,
QePNn PePz ( Q)




programmability with accuracy £

4 £(Z) = max min §(P,Q)

QePX Ny PePy,

I o(P,Q) = mpaxz | Tr[p(P; — Q)]

Using a joint observable Z of the form

dim(.A)

Zi =UN () (Wil @ LU, U= Y  Wi® |dr)(cl
k=1

with {v;} and {¢x} orthonormal sets and W} unitary, we can
program observables with accuracy €~ ! using an ancilla with
polynomial growth

G. M. D'Ariano, P. Perinotti, Phys. Rev. Lett. 94

090401 (2005)

dim(A) < K(N) (1) il

E



Programmability of observables d=2

e FOI‘ quItS: /Inear growth!

5 o ;
Z | (L72)) Ly 1 LR
P Program for the observable P = {Uy " ™| & 5)(£5|Uy }

o = UP i) gilug
in dimension dim(A4) = 25 + 1, with joint observable
7 — {H(ji%)}

gives the programmability accuracy

2

= — dim(A) = 2¢~1
291

=(2)

G. M. D'Ariano, P. Perinotti, Phys. Rev. Lett. 94

090401 (2005)



Covariant measurements
are exactly programmable

71/
7/

;

=kl e ;’f G-covariant POVM densities (Holevo theorem)

P,dg=U,&U}ldg, g€G

programmable as

B = TIn(lxolBl & Moy

with covariant Bell POVM density

Fy = Uy @ DIV){VIU] ® 1)

G. M. D'Ariano, P. Perinotti, Phys. Lett.

A 329 188 (2004)



Exact Programmability of POVMSs

G. M. D'Ariano and P. Perinotti,

(P%S;,r;' EiRedHee-lna Unitary operator U connecting the Bell

observable with local observables
N

i o U(Im) @ [n)) = %\Um,n»

of the controlled-U form

U= In)n|@W"

e. g. for projective d-dimensional UIR of the Abelian group G = Z; X Z4

271

G N E i = S e et
J k



Conclusions

@ Programmable channels:
® Nielsen-Chuang theorem revisited
® Exact programming for finite set of unitaries: controlled-U

Optimal programming in 2x2 dimensions: two controlled-NOT

- Programmable POVMs:

No go theorem
Exact programming for finite set of observables: controlled-O
controlled-O: polynomial complexity programming

® for qubits: linear complexity programming



