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The information-theoretical paradigm: 

the physical law as an algorithm



The New Axiomatization Program
To derive the whole Physics axiomatically 


from “principles” stated in form of purely mathematical axioms 
without physical primitives, 

but having a thorough physical interpretation.


Solution: informationalism 

physical primitives: mass, force, rods, clocks,…
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We derive quantum theory from purely informational principles. Five elementary axioms—causality, perfect
distinguishability, ideal compression, local distinguishability, and pure conditioning—define a broad class of
theories of information processing that can be regarded as standard. One postulate—purification—singles out
quantum theory within this class.
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I. INTRODUCTION

More than 80 years after its formulation, quantum theory
is still mysterious. The theory has a solid mathematical foun-
dation, addressed by Hilbert, von Neumann, and Nordheim
in 1928 [1] and brought to completion in the monumental
work by von Neumann [2]. However, this formulation is based
on the abstract framework of Hilbert spaces and self-adjoint
operators, which, to say the least, are far from having an
intuitive physical meaning. For example, the postulate stating
that the pure states of a physical system are represented by
unit vectors in a suitable Hilbert space appears as rather
artificial: which are the physical laws that lead to this very
specific choice of mathematical representation? The problem
with the standard textbook formulations of quantum theory
is that the postulates therein impose particular mathematical
structures without providing any fundamental reason for this
choice: the mathematics of Hilbert spaces is adopted without
further questioning as a prescription that “works well” when
used as a black box to produce experimental predictions. In
a satisfactory axiomatization of quantum theory, instead, the
mathematical structures of Hilbert spaces (or C* algebras)
should emerge as consequences of physically meaningful
postulates, that is, postulates formulated exclusively in the
language of physics: this language refers to notions like
physical system, experiment, or physical process and not to
notions like Hilbert space, self-adjoint operator, or unitary
operator. Note that any serious axiomatization has to be based
on postulates that can be precisely translated in mathematical
terms. However, the point with the present status of quantum
theory is that there are postulates that have a precise mathe-
matical statement, but cannot be translated back into language
of physics. Those are the postulates that one would like to
avoid.

The need for a deeper understanding of quantum the-
ory in terms of fundamental principles was clear since
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the very beginning. Von Neumann himself expressed his
dissatisfaction with his mathematical formulation of quan-
tum theory with the surprising words “I don’t believe in
Hilbert space anymore,” reported by Birkhoff in [3]. Re-
alizing the physical relevance of the axiomatization prob-
lem, Birkhoff and von Neumann made an attempt to un-
derstand quantum theory as a new form of logic [4]:
the key idea was that propositions about the physical world
must be treated in a suitable logical framework, different from
classical logics, where the operations AND and OR are no longer
distributive. This work inaugurated the tradition of quantum
logics, which led to several attempts to axiomatize quantum
theory, notably by Mackey [5] and Jauch and Piron [6] (see
Ref. [7] for a review on the more recent progresses of quantum
logics). In general, a certain degree of technicality, mainly
related to the emphasis on infinite-dimensional systems, makes
these results far from providing a clear-cut description of
quantum theory in terms of fundamental principles. Later
Ludwig initiated an axiomatization program [8] adopting an
operational approach, where the basic notions are those of
preparation devices and measuring devices and the postulates
specify how preparations and measurements combine to give
the probabilities of experimental outcomes. However, despite
the original intent, Ludwig’s axiomatization did not succeed
in deriving Hilbert spaces from purely operational notions, as
some of the postulates still contained mathematical notions
with no operational interpretation.

More recently, the rise of quantum information science
moved the emphasis from logics to information processing.
The new field clearly showed that the mathematical principles
of quantum theory imply an enormous amount of information-
theoretic consequences, such as the no-cloning theorem [9,10],
the possibility of teleportation [11], secure key distribution
[12–14], or of factoring numbers in polynomial time [15]. The
natural question is whether the implication can be reversed: is
it possible to retrieve quantum theory from a set of purely
informational principles? Another contribution of quantum
information has been to shift the emphasis to finite dimensional
systems, which allow for a simpler treatment but still possess
all the remarkable quantum features. In a sense, the study
of finite dimensional systems allows one to decouple the
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“An extraordinary book on the deep principles behind quantum theory.” 

NICOLAS GISIN, UNIVERSITY OF GENEVA

“Part quantum mechanics textbook, part original re
search contrib

ution, th
is book is 

a fascinating, audacious effort to
 ‘re

build quantum mechanics fro
m the ground up,’ 

presenting it a
s the logical consequence of simple inform

ation-theoretic postulates.  

Students wishing to learn quantum inform
ation should read it a

nd do all th
e exercises!” 

SCOTT AARONSON, M
IT 

Quantum theory is the soul of th
eoretical physics. It 

is not ju
st a theory of specific physical systems, 

but rather a new framework with universal applicability
. This book shows how we can reconstruct th

e 

theory fro
m six inform

ation-th
eoretical principles, by rebuilding the quantum rules fro

m the bottom 

up. Step by step, th
e reader w

ill l
earn how to master th

e counterintuitiv
e aspects of th

e quantum 

world, and how to efficiently reconstruct quantum inform
ation protocols fro

m first principles. Using 

intuitiv
e graphical notation to represent equations, and with shorter and more efficient derivations, th

e 

theory can be understood and assimilated with exceptional ease. Offering a radically new perspective 

on the field, th
e book contains an efficient course of quantum theory and quantum inform

ation for 

undergraduates. The book is aimed at re
searchers, professionals, students in physics, computer 

science and philosophy, a
s well a

s the curious outsider seeking a deeper understanding of th
e theory.
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• Mechanics (QFT) derived in terms of 
countably many quantum systems in 
interaction 

Min algorithmic complexity principle

add principles
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Algorithm    discreteness!

discrete continuum



“But you have correctly grasped the drawback 
that the continuum brings. If the molecular 
view of matter is the correct (appropriate) one, 
i.e., if a part of the universe is to be 
represented by a finite number of moving 
points, then the continuum of the present 
theory contains too great a manifold of 
possibilities. I also believe that this too great is 
responsible for the fact that our present means 
of description miscarry with the quantum 
theory. The problem seems to me how one can 
formulate statements about a discontinuum 
without calling upon a continuum (space-time) 
as an aid; the latter should be banned from the 
theory as a supplementary construction not 
justified by the essence of the problem, which 
corresponds to nothing “real”. But we still lack 
the mathematical structure unfortunately. How 
much have I already plagued myself in this 
way!”

John Stachel in From Quarks to Quasars: Philosophical Problems 
of Modern Physics, University of Pittsburg Press, pag. 379



A new mathematics: geometric group theory

The geometrization of group theory

Mikhail Gromov



Geometric group theory: a primer

G = ⟨h1, h2, . . . |r1, r2, . . .⟩

⎬ ⎬

generators relators Dehn problems:  
undecidable!

Example:

Z2 = ⟨a, b|aba−1b−1⟩

ab = ba =⇒ aba−1b−1 = e

=⇒ abaab−1abbba−1baabb−1aa−1 = a5b4

Z2 = {(n,m)|n,m ∈ Z}

e = (0, 0), a = (1, 0), b = (0, 1),



a

b

Geometric Group Theory: Cayley graph of a group 

Z2 = ⟨a, b|aba−1b−1⟩

a2ae

b

b2

ab

ab2 a2b2

a2b

⎬

a = (1, 0)

b = (0, 1)

a−1

b−1

⎬



Geometric Group Theory: Cayley graph of a group 
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22 2. What do groups look like?

Cyclic group C3 (or Z3) Symmetric group S3

( , )e e ( , )e a

( , )a e2

( , )a a

( ,e a2)

( , )a e ( ,a a2)

( , )a a2 ( , )a a2 2

Direct product group C3 ! C3 Direct product group C2 ! C2 ! C2

a

b
i

l
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d
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m
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g

p

n

f

h

Quasihedral group with 16 elements Alternating group A5

Figure 2.10. Cayley diagrams of some small, finite groups
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30 3. Why study groups?

Figure 3.7. One cube from a crystal whose type chemists have named body-centered cubic.
Each white ball represents an atom (of lithium or sodium, for instance) and each line a bond

between atoms. The crystal structure formed by repeating many of these through space is shown in

Figure 3.8.

There are hundreds of three-dimensional crystal patterns, but let us take one example.

The atoms of several common elements (including sodium and lithium, for example)

arrange themselves in a grid of cubes when they form a solid, with an extra atom at the

center of each cube. This is called a body-centered cubic arrangement, and is shown in
Figure 3.7. Many of these cubes together form a crystal, as shown in Figure 3.8. The

cubes sit next to one another, and over and under one another, and in front of and in back

of one another, in all three dimensions, extending indefinitely. Where cubes touch faces,

they share the four atoms of the face between them.

The technique from Definition 3.1 can even be used to classify the symmetry of pat-

terns like this one. I will not do so complex an example here, but most of that complexity

comes from just one aspect of the crystal: that it seems to go on forever. Chemists study-

Figure 3.8. The cube from Figure 3.7 repeated to fill three-dimensional space. The different

colors of the lines have no chemical significance; they make it easier to distinguish the edges of

each cube from the diagonal lines through the cubes' centers.

g’

g

h

G = Z3



Virtually Abelian groups

a −
1
b a

2

3

FIG. 2. Cayley graph of G = ha, b|aba�1b�1i. The graph is
isotropic.

FIG. 3. Cayley graph of G = ha, b|a2b�2i. The graph is
isotropic.

CLOSURE

Proposition 2. All the Ah (with h 2 S) are not full

rank.

Proof. The unitarity condition
P

h�h0=h00 AhA
†
h0 = 0

with h00 = 2h leads to AhA
†
�h = 0. Then either Ah

is full rank and A†
�h = 0 (against hypothesis) or both

Ah and A†
�h are not full rank. ⌅

Proposition 3. For s = 2, if isotropy holds all the Ah

with h 2 S and |S+| = d belong to a ring/group/albegra

(vedere cosa e’) made of at most d2 elements.

Proof. Being s = 2, the Ah have rank equals to 1. Then
a generic Ah can be written as Ah = |⌘hih#h|. The com-

FIG. 4. Cayley graph of G = ha, b|a5, b4, (ab)2i. The graph is
NOT isotropic.

FIG. 5. Cayley graph of G = ha, b|a5, b5, (ab)2i. The graph is
isotropic.

position of two arbitrary Ah, Ak leads to

AhAk = |⌘hih#h| |⌘kih#k| = h#h|⌘ki |⌘hih#k|.

Thanks to isotropy we have h#h|⌘ki = c for every ⌘k,#h.
⌅

Remark 2. For s = 2. For G Abelian, and the automaton

a
b

Index =2

Z2 ⊂ G
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Theorem (Quasi-isometric rigidity of Zn). If a finitely

generated group is quasi-isometric to Zn
, then it

has a finite index subgroup isomorphic to Zn
. doi:

10.1007/s00039-007-0604-0

Every complete simply connected Riemannian mani-
fold with strictly negative sectional curvature K  �2 <
0 is �-hyperbolic for �  C��1, where C is a universal
constant in the interval 0  C  10 (in Essays in Group
Theory Editors: S. M. Gersten ISBN: 978-1-4613-9588-1)

Theorem 1. There exists a constant m = m(k, �), such
that for every k hyperbolic elements �1, �2, . . . �k in a

word �-hyperbolic group � the normal subgroup generated

by �mi
i , i = 1, . . . , k is free for all mi � m. (in Essays

in Group Theory Editors: S. M. Gersten ISBN: 978-1-

4613-9588-1). Theorem 5.3.E

Corollary. All hyperbolic groups have exponential

growth.

Theorem (Non hyperbolic G with exponential growth).
The Thompson group is totally ordered, has exponential

growth, and does not contain a subgroup isomorphic to

the free group of rank 2.

Remark. Examples of virtually Abelian groups

(i) Any Abelian group.

(ii) Any finite group (since the trivial subgroup is
Abelian).

(iii) Any semidirect product N oH where N is Abelian
and H is finite (for example, any generalized dihe-
dral group).

(iv) Any semidirect product N o H where N is finite
and H is Abelian.

Proposition 1. Let G := ha, b | aba�1b�1, a2b�2i. If G
has not a cyclic subgroup of order 2, then a = b.

Proof. By hypothesis we have e = a2 b�2 = ab�1 ab�1.
Since no cyclic subgroup of order 2 exist, we have that
ab�1 ab�1 = e =) ab�1 = e, i.e. a = b. ⌅

Theorem 2 (Free sub-semigroup 1[1]). Let G be a com-

pactly generated group that is not of polynomial growth.

If G is a linear algebraic group overa a field of charac-

teristic zero, then G has a quasi-isometrically embedded

free semigroup.

Corollary 2 ([1]). Let G be as in Theorem 2, then G
does not quasi-isometrically embed into any uniformly

convex (or superreflexive) Banach space.

Theorem 3 (Free sub-semigroup 2 [1]). Let G be a

finitely generated solvable, non-virtually-nilpotent group.

Then G has a quasi-isometrically embedded free sub-

semigroup on 2 generators.

FIG. 1. Cayley graph of G = ha, b|a4, b4, (ab)2i. The graph is
isotropic.

Remark 1. Suppose that G is a finitely generated virtu-
ally abelian group, so that G has an abelian subgroup A
of finite index. Then A is finitely generated and hence
is a direct product C1 ⇥ C2 ⇥ . . . ⇥ Ck of cyclic groups.
If we consider the subgroup B of A generated by the
infinite groups Ci (i.e. ignore the Ci which are finite
cyclic groups), then B has finite index in A, and hence
has finite index in G. Now B is a free abelian group
isomorphic to Zn for some n; so every finitely generated
virtually abelian group has a free abelian subgroup of fi-
nite index. Moreover, if H is a subgroup of finite index
in a group G, then there is a normal subgroup N of G
contained in H with N also of finite index in G; as a
subgroup of a free abelian group is free abelian, we have
that every finitely generated virtually abelian group has
a normal free abelian subgroup of finite index[2].

Theorem ([2]). Let G be a finitely generated group; then

G has an automatic presentation if and only if G is vir-

tually abelian.

Example of a strange group

Let G = ha, b | a2b�2i. The subgroup H generated by
ab, a2 is Abelian: ab a2 = ab b2 = ab2b = a3b = a2 ab.
The left cosets generated byN are {eN, bN}, hence being
the index of N equals to 2, G is virtually Abelian. More-
over, being the index 2 N is a normal subgroup; thus we
can evaluate the quotient G/N getting g/N ⇠ Z2. We
actually have that G = N ⇥G/N .

ab

Index =4Z2 ⊂ G



Geometric Group Theory
Suppose that f is a (not necessarily 
continuous) function from one metric space 
M1 to a second metric space M2. Then it is 
called a quasi-isometry from M1 to M2 if there 
exist constants A≥1, B≥0, C≥0 such that the 
following two properties both hold: 

1) for every two points and in M1, the distance 
between their images is (up to the additive 
constant B) within a factor of A of their original 
distance: ∀x,y∊ M1

2) every point of  M2 is within a constant 
distance C from the image point:

∀z ∈ M2 : ∃x ∈ M1 : d2(z, f(x)) ! C

1

A
d1(x, y)−B ! d2(f(x), f(y)) ! Ad1(x, y) +B

Quasi isometric embedding

R2

Z2



Quantum walk on Cayley graph

Theorem: A group is quasi-isometrically 
embeddable in Rd iff it is virtually Abelian

Theorem: A group 
has polynomial 
growth iff  it is 
virtually nihilpotent

# points ~rd
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FIG. 2. Cayley graph of G = ha, b|aba�1b�1i. The graph is
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FIG. 3. Cayley graph of G = ha, b|a2b�2i. The graph is
isotropic.
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position of two arbitrary Ah, Ak leads to

AhAk = |⌘hih#h| |⌘kih#k| = h#h|⌘ki |⌘hih#k|.

Thanks to isotropy we have h#h|⌘ki = c for every ⌘k,#h.
⌅

Remark 2. For s = 2. For G Abelian, and the automaton
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FIG. 6. Cayley graph of G = ha, b|a4, b4, (ab)3i. The graph is
isotropic.

FIG. 7. Cayley graph of G = ha, b|a4, b10, (ab)2i. The graph
is NOT isotropic.

isotropic one has that {|⌘hi} is a frame and {|✓hi} is its
canonical dual frame.

FIG. 8. Cayley graph of G = ha, b|a7, b3, (ab)2i. The graph is
NOT isotropic.

VIRTUAL ABELIAN GROUPS

Let G = hg1, . . . , gki be a virtually abelian group,
namely H < G, H abelian with index � :=| G : H |<
+1. The group G can then be decomposed in left cosets
as G = a0H[a1H[. . .[a��1H with L := {a0, . . . , a��1}
a left transversal of H in G. The group admits also a
right cosets decomposition, with a right transversal R of
H in G in general di↵erent from L. However, since the
� < +1 there is there is a left transversal that is also a
right transversal.
Since Tg are a unitary representation of G, the opera-

tors Th with h 2 H commute, hence they have simulta-
neous eigenvectors. In particular, let H = hh1, . . . , hn |
R1 . . .Rmi, we have

Thi |ki = e�iki |ki.

Let R := {r0, . . . , r��1} be a right transversal of H in
G, with r0 representative of the coset of the identity el-
ement. The eigenvectors |ki can then be decomposed on
the whole Hilbert space H as

|ki =
X

0j��1

X

h2H

chrj (k)|hrji,

Since we have

Thi |ki = e�iki |ki
X

0j��1

X

h2H

chrj (k)|hihrji = e�iki

X

0j��1

X

h2H

chrj (k)|hrji
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chrj (k)|hrji



G non virtually nihilpotent  
→ exponential growth

3

FIG. 2. Cayley graph of G = ha, b|aba�1b�1i. The graph is
isotropic.

FIG. 3. Cayley graph of G = ha, b|a2b�2i. The graph is
isotropic.

CLOSURE

Proposition 2. All the Ah (with h 2 S) are not full

rank.

Proof. The unitarity condition
P

h�h0=h00 AhA
†
h0 = 0

with h00 = 2h leads to AhA
†
�h = 0. Then either Ah

is full rank and A†
�h = 0 (against hypothesis) or both

Ah and A†
�h are not full rank. ⌅

Proposition 3. For s = 2, if isotropy holds all the Ah

with h 2 S and |S+| = d belong to a ring/group/albegra

(vedere cosa e’) made of at most d2 elements.

Proof. Being s = 2, the Ah have rank equals to 1. Then
a generic Ah can be written as Ah = |⌘hih#h|. The com-

FIG. 4. Cayley graph of G = ha, b|a5, b4, (ab)2i. The graph is
NOT isotropic.

FIG. 5. Cayley graph of G = ha, b|a5, b5, (ab)2i. The graph is
isotropic.

position of two arbitrary Ah, Ak leads to

AhAk = |⌘hih#h| |⌘kih#k| = h#h|⌘ki |⌘hih#k|.

Thanks to isotropy we have h#h|⌘ki = c for every ⌘k,#h.
⌅

Remark 2. For s = 2. For G Abelian, and the automaton

quasi-isometrically embeddable 
in hyperbolic space



Linearity 

Quantum Walk on 
Cayley graph of G 

Linearity in the field corresponds to work with transition matrices 
between blocks of direct-sum of Hilbert spaces instead of unitary 
interactions on tensor product of Hilbert spaces.
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Quantum walk on Cayley graph
w.l.g. Hilbert space H = ⊕g∈GCsg |G| ! ℵ, sg ∈ N

Build a directed colored graph with an arrow 
from g to g’ wherever they are connected by 
Agg’ ≠ 0

D'Ariano, Perinotti, 
PRA 90 062106 (2014)

Evolution

QUANTUM WALKS ON CAYLEY GRAPHS 7

with relators

RxRy = �Rz, and cyclic permutations, R2
↵ = �I2, ↵ = x, y, z
(19)

Remark 3. The quantum walks in Examples 1
and 2 are the only isotropic QWCG with Abelian
G that are quasi-isometrically embeddable in Rd,
with d = 2, 3. These has been derived in Ref. [?],
and in the relativistic limit give the Weyl equa-
tion, which is the building block of the quantum-
automata framework for quantum field theory.

3. Note on the derivation of the QWCG

from principles

We assume the following requirements for the
interactions defining the QW evolution: 1) linear-
ity, 2) unitarity, 3)locality, 4) homogeneity, and 5)
isotropy.

Cells labeled by g 2 G, |G|  @

Linearity

The interaction between systems is described by
sg0 ⇥ sg transition matrices Agg0 with evolution
from step t to step t+ 1 given by

 g(t+ 1) =
X

g02G

Agg0 g0(t).

Unitarity

X

g0

Agg0A
†
g00g0 =

X

g0

A†
gg0Ag00g0 = �gg00Isg

Locality

Sg ✓ G set of cells g0 interacting with g (Agg0 6=
0) |Sg|  k < 1 for every g 2 G.

Homogeneity

All cells g 2 G are equivalent =) |Sg| and {Agg0}g02Sg

independent of g.

Identify the matrices Agg0 = Ah for some h 2 S
with |S| = |Sg|

Define gh := g0 if Agg0 = Ah

A sequence of transitions AhNAhN�1 . . . Ah1 con-
nects g to itself, i.e. gh1h2 . . . hN = g, then it
must also connect any other g0 2 G to itself,
i.e. g0h1h2 . . . hN = g0.

ψg(t+ 1) =
∑

g′∈Sg

Agg′ψg′(t)
g

g1

g2

g3
g

g′



Quantum walk on Cayley graph
w.l.g. Hilbert space H = ⊕g∈GCsg |G| ! ℵ, sg ∈ N

1) Locality: Sg uniformly bounded

3) Homogeneity: all  g ∈ G are “equivalent”

D'Ariano, Perinotti, 
PRA 90 062106 (2014)

Evolution

QUANTUM WALKS ON CAYLEY GRAPHS 7

with relators

RxRy = �Rz, and cyclic permutations, R2
↵ = �I2, ↵ = x, y, z
(19)

Remark 3. The quantum walks in Examples 1
and 2 are the only isotropic QWCG with Abelian
G that are quasi-isometrically embeddable in Rd,
with d = 2, 3. These has been derived in Ref. [?],
and in the relativistic limit give the Weyl equa-
tion, which is the building block of the quantum-
automata framework for quantum field theory.

3. Note on the derivation of the QWCG

from principles

We assume the following requirements for the
interactions defining the QW evolution: 1) linear-
ity, 2) unitarity, 3)locality, 4) homogeneity, and 5)
isotropy.

Cells labeled by g 2 G, |G|  @

Linearity

The interaction between systems is described by
sg0 ⇥ sg transition matrices Agg0 with evolution
from step t to step t+ 1 given by

 g(t+ 1) =
X

g02G

Agg0 g0(t).

Unitarity

X

g0

Agg0A
†
g00g0 =

X

g0

A†
gg0Ag00g0 = �gg00Isg

Locality

Sg ✓ G set of cells g0 interacting with g (Agg0 6=
0) |Sg|  k < 1 for every g 2 G.

Homogeneity

All cells g 2 G are equivalent =) |Sg| and {Agg0}g02Sg

independent of g.

Identify the matrices Agg0 = Ah for some h 2 S
with |S| = |Sg|

Define gh := g0 if Agg0 = Ah

A sequence of transitions AhNAhN�1 . . . Ah1 con-
nects g to itself, i.e. gh1h2 . . . hN = g, then it
must also connect any other g0 2 G to itself,
i.e. g0h1h2 . . . hN = g0.

ψg(t+ 1) =
∑

g′∈Sg

Agg′ψg′(t)
g

g1

g2

g3g4

g5

g6

2) Reciprocity: Agg′ ̸= 0 =⇒ Ag′g ̸= 0

…Sg = S, sg = s label Agg′ =: Ah, h ∈: S
define the “action” on the set of vertices G:                whenever gh := g′ Agg′ = Ah



Quantum walk on Cayley graph
w.l.g. Hilbert space H = ⊕g∈GCsg |G| ! ℵ, sg ∈ N

1) Locality: Sg uniformly bounded

3) Homogeneity: all  g ∈ G are equivalent

D'Ariano, Perinotti, 
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Evolution

QUANTUM WALKS ON CAYLEY GRAPHS 7

with relators

RxRy = �Rz, and cyclic permutations, R2
↵ = �I2, ↵ = x, y, z
(19)

Remark 3. The quantum walks in Examples 1
and 2 are the only isotropic QWCG with Abelian
G that are quasi-isometrically embeddable in Rd,
with d = 2, 3. These has been derived in Ref. [?],
and in the relativistic limit give the Weyl equa-
tion, which is the building block of the quantum-
automata framework for quantum field theory.

3. Note on the derivation of the QWCG

from principles

We assume the following requirements for the
interactions defining the QW evolution: 1) linear-
ity, 2) unitarity, 3)locality, 4) homogeneity, and 5)
isotropy.

Cells labeled by g 2 G, |G|  @

Linearity

The interaction between systems is described by
sg0 ⇥ sg transition matrices Agg0 with evolution
from step t to step t+ 1 given by

 g(t+ 1) =
X

g02G

Agg0 g0(t).

Unitarity

X

g0

Agg0A
†
g00g0 =

X

g0

A†
gg0Ag00g0 = �gg00Isg

Locality

Sg ✓ G set of cells g0 interacting with g (Agg0 6=
0) |Sg|  k < 1 for every g 2 G.

Homogeneity

All cells g 2 G are equivalent =) |Sg| and {Agg0}g02Sg

independent of g.

Identify the matrices Agg0 = Ah for some h 2 S
with |S| = |Sg|

Define gh := g0 if Agg0 = Ah

A sequence of transitions AhNAhN�1 . . . Ah1 con-
nects g to itself, i.e. gh1h2 . . . hN = g, then it
must also connect any other g0 2 G to itself,
i.e. g0h1h2 . . . hN = g0.

ψg(t+ 1) =
∑

g′∈Sg

Agg′ψg′(t)
g

g1

g2

g3g4

g5

g6

2) Reciprocity: Agg′ ̸= 0 =⇒ Ag′g ̸= 0

A sequence                            connects    to itself,AhNAhN−1 . . . Ah1 g
namely gh1h2 . . . hN = g , then it must also connect 
any other     to itself, i.e.                            .g′ g′h1h2 . . . hN = g′

g

g1

g2

g3

ghh−1 = gFrom 2): two-loop                      defines uniquely        for    and viceversahh−1

Agg′ =: Ah, Ag′g =: Ah−1 , h ∈ S ≡ S+ ∪ S−, S− := S−1
+



Quantum walk on Cayley graph
w.l.g. Hilbert space H = ⊕g∈GCsg |G| ! ℵ, sg ∈ N

1) Locality: Sg uniformly bounded

3) Homogeneity: all  g ∈ G are equivalent

D'Ariano, Perinotti, 
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Evolution

QUANTUM WALKS ON CAYLEY GRAPHS 7

with relators

RxRy = �Rz, and cyclic permutations, R2
↵ = �I2, ↵ = x, y, z
(19)

Remark 3. The quantum walks in Examples 1
and 2 are the only isotropic QWCG with Abelian
G that are quasi-isometrically embeddable in Rd,
with d = 2, 3. These has been derived in Ref. [?],
and in the relativistic limit give the Weyl equa-
tion, which is the building block of the quantum-
automata framework for quantum field theory.

3. Note on the derivation of the QWCG

from principles

We assume the following requirements for the
interactions defining the QW evolution: 1) linear-
ity, 2) unitarity, 3)locality, 4) homogeneity, and 5)
isotropy.

Cells labeled by g 2 G, |G|  @

Linearity

The interaction between systems is described by
sg0 ⇥ sg transition matrices Agg0 with evolution
from step t to step t+ 1 given by

 g(t+ 1) =
X

g02G

Agg0 g0(t).

Unitarity

X

g0

Agg0A
†
g00g0 =

X

g0

A†
gg0Ag00g0 = �gg00Isg

Locality

Sg ✓ G set of cells g0 interacting with g (Agg0 6=
0) |Sg|  k < 1 for every g 2 G.

Homogeneity

All cells g 2 G are equivalent =) |Sg| and {Agg0}g02Sg

independent of g.

Identify the matrices Agg0 = Ah for some h 2 S
with |S| = |Sg|

Define gh := g0 if Agg0 = Ah

A sequence of transitions AhNAhN�1 . . . Ah1 con-
nects g to itself, i.e. gh1h2 . . . hN = g, then it
must also connect any other g0 2 G to itself,
i.e. g0h1h2 . . . hN = g0.

ψg(t+ 1) =
∑

g′∈Sg

Agg′ψg′(t)
g

g1

g2

g3g4

g5

g6

2) Reciprocity: Agg′ ̸= 0 =⇒ Ag′g ̸= 0

with action on vertices in G:                whenever gh := g′ Agg′ = Ah

Build the free group F of words made with letters: 
h ∈ S := S+ ∪ S−

H  normal subgroup of FConsider the subgroup H of closed paths



Quantum walk on Cayley graph
w.l.g. Hilbert space H = ⊕g∈GCsg |G| ! ℵ, sg ∈ N

1) Locality: Sg uniformly bounded

3) Homogeneity: all  g ∈ G are equivalent

D'Ariano, Perinotti, 
PRA 90 062106 (2014)

Evolution

QUANTUM WALKS ON CAYLEY GRAPHS 7

with relators

RxRy = �Rz, and cyclic permutations, R2
↵ = �I2, ↵ = x, y, z
(19)

Remark 3. The quantum walks in Examples 1
and 2 are the only isotropic QWCG with Abelian
G that are quasi-isometrically embeddable in Rd,
with d = 2, 3. These has been derived in Ref. [?],
and in the relativistic limit give the Weyl equa-
tion, which is the building block of the quantum-
automata framework for quantum field theory.

3. Note on the derivation of the QWCG

from principles

We assume the following requirements for the
interactions defining the QW evolution: 1) linear-
ity, 2) unitarity, 3)locality, 4) homogeneity, and 5)
isotropy.

Cells labeled by g 2 G, |G|  @

Linearity

The interaction between systems is described by
sg0 ⇥ sg transition matrices Agg0 with evolution
from step t to step t+ 1 given by

 g(t+ 1) =
X

g02G

Agg0 g0(t).

Unitarity

X

g0

Agg0A
†
g00g0 =

X

g0

A†
gg0Ag00g0 = �gg00Isg

Locality

Sg ✓ G set of cells g0 interacting with g (Agg0 6=
0) |Sg|  k < 1 for every g 2 G.

Homogeneity

All cells g 2 G are equivalent =) |Sg| and {Agg0}g02Sg

independent of g.

Identify the matrices Agg0 = Ah for some h 2 S
with |S| = |Sg|

Define gh := g0 if Agg0 = Ah

A sequence of transitions AhNAhN�1 . . . Ah1 con-
nects g to itself, i.e. gh1h2 . . . hN = g, then it
must also connect any other g0 2 G to itself,
i.e. g0h1h2 . . . hN = g0.

ψg(t+ 1) =
∑

g′∈Sg

Agg′ψg′(t)

2) Reciprocity: Agg′ ̸= 0 =⇒ Ag′g ̸= 0

Γ(G,S+) colored directed graph with vertices 
g ∈ G (g, g′) g′ = ghand edges with

Either the graph is connected, or it consists of 
disconnected copies.                                 
W.l.g. assume it as connected.

Being     normal, one concludes that:H

                                   is a group with Cayley 
graph                  (the identity any element            
           ).e ∈ G

Γ(G,S+)
G = F/H = ⟨S|R⟩



Quantum walk on Cayley graph
w.l.g. Hilbert space H = ⊕g∈GCsg |G| ! ℵ, sg ∈ N

1) Locality: Sg uniformly bounded

3) Homogeneity: all  g ∈ G are equivalent

Evolution

QUANTUM WALKS ON CAYLEY GRAPHS 7

with relators

RxRy = �Rz, and cyclic permutations, R2
↵ = �I2, ↵ = x, y, z
(19)

Remark 3. The quantum walks in Examples 1
and 2 are the only isotropic QWCG with Abelian
G that are quasi-isometrically embeddable in Rd,
with d = 2, 3. These has been derived in Ref. [?],
and in the relativistic limit give the Weyl equa-
tion, which is the building block of the quantum-
automata framework for quantum field theory.

3. Note on the derivation of the QWCG

from principles

We assume the following requirements for the
interactions defining the QW evolution: 1) linear-
ity, 2) unitarity, 3)locality, 4) homogeneity, and 5)
isotropy.

Cells labeled by g 2 G, |G|  @

Linearity

The interaction between systems is described by
sg0 ⇥ sg transition matrices Agg0 with evolution
from step t to step t+ 1 given by

 g(t+ 1) =
X

g02G

Agg0 g0(t).

Unitarity

X

g0

Agg0A
†
g00g0 =

X

g0

A†
gg0Ag00g0 = �gg00Isg

Locality

Sg ✓ G set of cells g0 interacting with g (Agg0 6=
0) |Sg|  k < 1 for every g 2 G.

Homogeneity

All cells g 2 G are equivalent =) |Sg| and {Agg0}g02Sg

independent of g.

Identify the matrices Agg0 = Ah for some h 2 S
with |S| = |Sg|

Define gh := g0 if Agg0 = Ah

A sequence of transitions AhNAhN�1 . . . Ah1 con-
nects g to itself, i.e. gh1h2 . . . hN = g, then it
must also connect any other g0 2 G to itself,
i.e. g0h1h2 . . . hN = g0.

ψg(t+ 1) =
∑

g′∈Sg

Agg′ψg′(t)

2) Reciprocity: Agg′ ̸= 0 =⇒ Ag′g ̸= 0

G

The following operator over the Hilbert space    
                       is unitary 

where     is the right regular representation of       
on            acting as 

ℓ2(G)⊗ Cs

T
ℓ2(G)

Tg|g′⟩ = |g′g−1⟩

A =
∑

h∈S

Th ⊗Ah

4) Isotropy: 

There exist:  
• a group L of permutations of S+, transitive over     

S+ that leaves the Cayley graph invariant 
• a unitary s-dimensional (projective) representation 

{Ll} of L such that: 

A =

∑

h∈S

Th ⊗Ah =

∑

h∈S

Tlh ⊗ LlAhL
†
l

D'Ariano, Perinotti, 
PRA 90 062106 (2014)

} iff  for Quantum Walk on Cayley graph



Quantum walk on Cayley graph

Q = (G,S+, s, {Ah}h∈S)

The quantum walk on the Cayley graph is completely 
specified as



Induced representation theorem

RINORMALIZZARE I QW qw non abeliani

Gruppo con cicli h c , d | c4, d4, (cd)2 i

d
c

Due famiglie di soluzioni (non connesse)

a meno di unitaria µ1± i
p
1-µ2�x

commutante con gruppo di isotropia

Soluzioni numeriche:

prima famiglia dà Weyl

Marco Erba (unipv) qw non abeliani e rinormalizzazione Pavia, 24·07·2014 18 / 22
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RINORMALIZZARE I QW qw non abeliani
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Due soluzioni
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⇥
B II

⇤
k
⌘ R

⇥
B I

⇤†
-k

connesse da simmetria PT

Soluzione analitica:

Weyl

Marco Erba (unipv) qw non abeliani e rinormalizzazione Pavia, 24·07·2014 17 / 22

D'Ariano, Erba, Perinotti,Tosini  
arXiv::1603.07666,1511.03992

Q = (G,S+, s, {Ah}h∈S)

Q′ = (H,S+, siH , {Ah}h∈S)

G

H ⊂ G

with virtually Abelian

equivalent to

iH: index of H, ,

(isotropy is not transferred between     and    )G H
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• Unitarity ⇒ for d=3 the only possible G is the BCC!! 

• Isotropy ⇒ Fermionic ψ (d=3)

☞ Minimal dimension for nontrivial unitary A: s=2

The Weyl QW
D'Ariano, Perinotti, PRA 90 062106 (2014)

Two QWs 
connected 

by P

sα = sin
kα
√

3

cα = cos
kα
√

3

A±
k =� i�

x

(s
x

c
y

c
z

± c
x

s
y

s
z

)

⌥ i�
y

(c
x

s
y

c
z

⌥ s
x

c
y

s
z

)

� i�
z

(c
x

c
y

s
z

± s
x

s
y

c
z

)

+ I(c
x

c
y

c
z

⌥ s
x

s
y

s
z

)

Unitary operator: A =

Z �

B
dkAk

B



The Weyl QW

Two QCAs 
connected 

by P

sα = sin
kα
√

3

cα = cos
kα
√

3

D'Ariano, Perinotti, 
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i∂tψ(t) ≃
i

2
[ψ(t+ 1)− ψ(t− 1)] = i

2
(A−A†)ψ(t)

“Hamiltonian”

k ⌧ 1 ☜ Weyl equation!i@t = 1p
3
�± · k 

i
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k
x

ky

kz

k

2~nk
2

~vg(k)

Dirac QW Maxwell QW ⌦�
D'Ariano, Perinotti, PRA 90 062106 (2014) Bisio, D'Ariano, Perinotti,  Ann. Phys. 368  177 (2016) 

k
2~nk

2

E

B

m: mass, m2≤1 
n-1: refraction index

Local coupling:     coupled with its inverse 
with off-diagonal identity block matrix

Ak

Fµ(k) =

Z
dq

2⇡
f(q) ̃(k2 � q)�µ'(k2 + q)

Maxwell in relativistic limit k ⌧ 1
Boson: made with pairs of entangl Fermions 

(De Broglie neutrino-theory of photon)

M±
k = A±

k ⌦A±⇤
k

E
±
k

=

(

nA
±
k

imI

imI nA
±
k

†

)

n
2
+m

2
= 1

Dirac in relativistic limit k ⌧ 1

!E

±(k) = cos

�1
[n(c

x

c
y

c
z

⌥ s
x

s
y

s
z

)]

n,m ∈ R

±1

m !
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Got it!

D'Ariano, Perinotti, 
PRA 90 062106 (2014)

Bisio, D'Ariano, Perinotti,  
Ann. Phys. 368  177 (2016) 



• Evolution of a narrow-band particle-state 

2d Dirac
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Figure 6. Evolution for the mean position according to the Dirac QW in 3 + 1 dimensions for t = 200
time-steps of particle states having both a particle and an antiparticle component, as defined in Eq. (59).
Here the states are Gaussian with parameters: mass m = 0.3, mean wave-vector k

0 = (0, 0.01p, 0),
width si = s = 32�1 for i = x, y, z; the spinor components in the walk eigenbasis are (1/

p
2, 0, 1/

p
2, 0),

with the first two components corresponding to the positive energy part and the second two to the
negative one; time evolution from left to right.

Remark 1 (Newton-Wigner position operator evolution). As in QFT, one can define the Newton-Wigner
position operator XNW which does not mix states with positive and negative eigenvalues. Given
the operator WFW providing the Foldy-Wouthuysen representation of the Dirac walk, namely the
representation in which the Hamiltonian H(k) is diagonal

WFW =
Z

B
dk |kihk|⌦ WFW(k), WFW(k) : {|ni} ! {|ui

k

}, (60)

W�1
FW(k)H(k)WFW(k) = diag(w

k

, w
k

,�w
k

,�w
k

), (61)

the Newton-Wigner rotated position operator is defined as

XNW = W�1
FWXWFW. (62)

As in the usual QFT the Newton-Wigner position operator (62) does not suffer the jittering of the mean
position even for states having both a particle and an antiparticle component. Indeed, in this case, the
velocity operator

VNW(t) = i[H, XNW(t)], V(k) = V̂(k), (63)

corresponds to the classical component of the velocity operator in Eq. (52) and leads to a null
acceleration A(t) = i[H, VNW(t)] = 0. By integrating (63) we see that the time evolution of the
Newton-Wigner position operator XNW(t) is simply

XNW(t) = XNW(0) + V̂t. (64)
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Dirac emerging from the QCA
fidelity with Dirac for a narrowband packets  in the relativistic limit k ≃ m ≪ 1

N ≃ m
−3

= 2.2 ∗ 10
57 t = 1.2 ∗ 10

14
s = 3.7 ∗ 10

6relativistic proton: y⇒

5 ∗ 10
−28k = 10

−8
≫ mUHECRs: N ≃ k

−2
= 10

16 s⇒ ⇒

F = |⟨exp [−iN∆(k)]⟩|

∆(k) := (m2 + k
2
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−
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Analytical solution of Dirac (d=1) and Weyl (d=1,2,3)

us start with coefficients c00 and c11. The matrices
A00 and A11 appear only for f even (see Eq. (13))
in which case one has f+2

2 odd strings τ2i+1 and f
2

even strings τ2i. A00 appears whenever σ f ∈ ΩR,
namely when the R-transitions are arranged in the
strings τ2i+1. This means that we have to count in how
many ways the r identical characters R and l identi-
cal characters L can be arranged in f+2

2 and f
2 strings,

respectively. These arrangements can be viewed as
combinations with repetitions which give

c00( f ) =
( f
2 + r
r

)( f
2 + l − 1

l

)

=

( t+x−y
2
f
2

)( t−x+y
2 − 1
f
2 − 1

)

,

where the second equality trivially follows from
Eq. (4). Similarly A11 appears whenever σ f ∈ ΩL
which gives

c11( f ) =
( f
2 + l
l

)( f
2 + r − 1

r

)

=

( t−x+y
2
f
2

)( t+x−y
2 − 1
f
2 − 1

)

.

Consider now the other two coefficients c10 and c01
counting the occurrences of A10 and A01. The last
ones appears only when f is odd (see Eq. (13)) and
then one has the same number f+1

2 of odd strings τ2i+1
and even strings τ2i. Counting the combinations with
repetitions as in the previous cases we get

c10( f ) = c01( f ) =
( f−1
2 + r
r

)( f−1
2 + l
l

)

=

( t+x−y−1
2
f−1
2

)( t−x+y−1
2
f−1
2

)

,

which concludes the derivation of the coefficients
cab( f ) in Eq. (17).
The analytical solution of the Dirac automaton can

also be expressed in terms of Jacobi polynomials
P(ζ,ρ)k performing the sum over f in Eq. (16) which
finally gives

ψ(x, t) =
∑

y

∑

a,b∈{0,1}

γa,bP(1,−t)k

(

1 + 2
(m
n

)2)

Aabψ(y, 0),

k = µ+ −
a ⊕ b + 1

2
,

γa,b = −(ia⊕b)nt
(m
n

)2+a⊕b k!
(

µ(−)ab +
a⊕b
2

)

(2)k
, (18)

where γ00 = γ11 = 0 (γ10 = γ01 = 0) for t + x − y odd
(even) and (x)k = x(x + 1) · · · (x + k − 1).

4. Conclusions

We studied the one dimensional Dirac automaton,
considering a discrete path integral formulation. The
analytical solution of the automaton evolution has
been derived, adding a relevant case to the set of
quantum automata solved in one space dimension, in-
cluding only the coined quantum walk and the disor-
dered coined quantumwalk. The main novelty of this
work is the technique used in the derivation of the an-
alytical solution, based on the closure under multipli-
cation of the automaton transition matrices. This ap-
proach can be extended to automata in higher space
dimension. For example the transition matrices of
theWeyl and Dirac QCAs in 2+1 and 3+1 dimension
recently derived in Ref. [26] enjoy the closure fea-
ture and their path-sum formulation could lead to the
first analytically solved example in dimension higher
than one.
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i∂te
−ik0·x+iω0tψ(k, t) = s[ω(k)− ω0]e

−ik0·x+iω0tψ(k, t)

i∂tψ̃(k, t) = s[ω(k)− ω0]ψ̃(k, t)

i∂tψ̃(x, t) = s[v ·∇+
1

2
D ·∇∇]ψ̃(x, t)

v = (∇kω) (k0)

D = (∇k∇kω) (k0)

Dispersive Schrödinger equation

D'Ariano, Perinotti, PRA 90 062106 (2014)
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The New Axiomatization Program
Cases of study: 

- physical standards 
- special relativity from quantum theory without kinematics 
- particle notion without mechanics 
- proper time



Case of study 1: LTM standards in adimensional theory

}
from the 
relativistic limit

x =
x[m]

a∗
∈ Z, t =

t[sec]
t∗

∈ N, m =
m[kg]

m∗
∈ [0, 1]

m∗ ≃ 1√
3π

!k
c(k)− c(0)

! = m∗a∗c

c ≡ c(0) =
a∗
t∗

m∗

Heuristic argument of the mini-black-hole:

Planck mass
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Inertial frame: a reference frame where the Newton inertia law holds for a 
mechanically isolated system

Relativity Principle: Invariance of the dynamical law with the inertial frame

Maxwell 
equations Einstein Special Relativity

Poincaré group: group of changes of inertial frame that leave the dynamical law 
invariant.

Case of study 2: Special Relativity from 
quantum theory without kinematics



Relativity Principle: Invariance of the dynamical law with the inertial frame

Inertial frame: a reference frame where energy and momentum are conserved 
for a mechanically isolated system.

Poincaré group: group of changes of inertial frame that leave the dynamical law 
invariant.

Case of study 2: Special Relativity from 
quantum theory without kinematics



Relativity Principle: Invariance of the dynamical law with the inertial frame

Inertial frame: Representation of the dynamical law for given values of the 
constants of motion for an isolated system.

Poincaré group: group of changes of inertial frame that leave the dynamical law 
invariant.

Dynamical law: expressed in terms of the values of the constants of motion.

good for any dynam
ical system

!

Case of study 2: Special Relativity from 
quantum theory without kinematics



Relativity Principle: Invariance of the dynamical law with the inertial frame

Inertial frame: Representation of the physical law in terms of eigenspaces of 
the constants of the dynamics k := (ω,k)

Poincaré group: group of changes of representations in terms of eigenspaces 
of the constants of dynamics that leave the eigenvalue equation invariant.

Q
uantum

 W
alks

Dynamical law: eigenvalue equation

Akψ(k,ω) = eiωψ(k,ω)

Case of study 2: Special Relativity from 
quantum theory without kinematics



•Mathematical statement:  
invariance of eigenvalue equation under change of representation. 

•Physical interpretation:  
invariance of the physical law under change of inertial reference frame. 

3

FIG. 3: The green surface represents the orbit of the wavevec-
tor k = (0.3, 0, 0) under the full rotation group SO(3).

Up to now we have analyzed what happens with massless par-
ticles. A simple way to obtain the Dirac equation is to pair an
automaton in Eq. (6) with its adjoint into a direct sum, as in
Ref.[14], thus leading to a new automaton giving the Dirac equa-
tion in the small wave-vector regime. A relevant feature of the
discreteness is that because of unitarity the mass parameter is up-
per bounded [17]. Now if one derives the full symmetry group of
the dynamics as we have done for the two automata in Eq. (6)
one discovers that the group is a nonlinear representation of the de
Sitter group SO(1, 4) with infinite cosmological constant, with the
rest mass of the particle playing the role of the additional coordi-
nate (see Methods). It is noticeable that even for pure boosts the
rest-mass is involved in the transformation. For rest-mass much
smaller than the upper bound and for pure boosts one recovers the
previous nonlinear Lorentz group for zero-mass.

We have seen what happens of the Lorentz group in a quantum
world that is discrete. The main point is to abandon the idea of

enforcing the exact Lorentz symmetry on the discrete, but instead
to consider the symmetry as an approximate one that holds only
in the small wave-vector and small mass regime. But the natural
question is now: how small? According to the common opinion
the scale of discreteness a is identified with the Planck scale. In
terms of the maximum wavevector k

M

in the Brillouin zone, one

has k
M

=
p
3⇡
a

. In the small wavevector regime we recover the
simple relations [17] c = ap

3⌧
and ~ = µac, with c, ~, and ⌧ de-

noting the speed of light, the Planck constant, and the time-step,
respectively. Then the maximum mass µ of the quantum walk
is the Planck-mass. A way of deriving µ and a heuristically is
to keep literally the argument of taking the mass of the particle
bounded in order to keep the Compton wave-length �

C

larger than
the Schwartschild radius. Noticeably for m = µ the dispersion re-
lation is constant, namely with no propagation of information, a
situation reminiscent of a micro black hole [18]. Remarkably gen-
eral relativity enters the present quantum digital framework also
through the unforeseeable appearance of the De Sitter symmetry
group, which connects di↵erent Dirac particle mass values. Are
these only coincidences? The dream is that it is a new route to
quantum gravity.

The crucial question is now what can be actually seen experi-
mentally. The modification to the usual dispersion relations can
in principle be detected in observation of gamma-ray bursts from
deep-space events, where billions of light-year of distance can suf-
ficiently amplify the weak vacuum dispersive behavior due to dis-
creteness [19]. In our context this can be proved with the free elec-
tromagnetic field derived as the two-particle sector of the quantum
walk in Eq. (6) [20]. This possibility reconnects with the recent
analysis of data [21] from Fermi-LAT concluding that the obser-
vations set an upper-bound to the scale of discreteness which is
smaller than the Planck scale a by a factor 2.8. The analysis of
Ref. [21] can be refined with a complete theoretical derivation
based on Ref. [20] and on the results presented in this letter. This
would also take into account the possibility of a compensating e↵ect
due to the phenomenon of relative locality [22]. In short relative
locality is the phenomenon due to the nonlinearity of the Lorentz
transformations, which generalizes the relativity of simultaneity to
relativity of the full space-time coincidence of events. The sepa-
ration of events under boost is amplified by the di↵erence of their
frequency domain. Indeed the Fermi-LAT observation is based on
a predicted time-delay between two events with a huge di↵erence
in frequency, which could then be compensated by the relative-
locality e↵ect. The fully fledged discrete theory given here, derived
from very general principles, allows for a thorough quantitative
evaluation that takes into account both the dispersive vacuum and
nonlinear Lorentz transformations.
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FIG. 2: The distortion e↵ects of the Lorentz group for the discrete Planck-scale theory represented by the quantum walk in
Eq. (6). Left figure: the orbit of the wavevectors k = (k

x

, 0, 0), with k
x

2 {.05, .2, .5, 1, 1.7} under the rotation around the z
axis. Right figure: the orbit of wavevectors with |k| = 0.01 for various directions in the (k

x

, k
y

) plane under the boosts with �
parallel to k and |�| 2 [0, tanh 4].

The eigenvalues can be collected into two functions !±(k) called
dispersion relations. In this scenario the constants of motions are
k and !±, hence a change of representation corresponds to a map
k 7! k0(k). Now the principle of relativity corresponds to the re-
quirement that the eigenvalue equation (3) is preserved under a
change of representation as follows

n
µ

(k)�µ = �̃�1
k

n
µ

(k0)�µ �
k

, (5)

where �
k

, �̃
k

are invertible matrices.
Eq. (5) translates the relativity principle for the QW evolution:

the dynamics is left invariant by a change of observer.
The simplest example of change of observer is the one given by

the trivial relabeling k0 = k and by the matrices �
k

= �̃
k

= ei�(k),
where �(k) is an arbitrary real function of k. When �(k) is a
linear function we recover the usual group of translations. The set
of changes of representation k 7! k0(k) for which Eq. (5) holds are
a group, which is the largest group of symmetries of the dynamics.

If to the general assumptions defining the quantum walk we just
add that of isotropy, it turns out that there are only two admis-
sible quantum walks [14], which in the small wave-vector regime
give exactly the two Weyl equations for the left and right massless
Fermion. Indeed, with the above assumptions the only possible
lattice is the body centered cubic one, and modulo local unitary
equivalence the two admissible quantum walks are

A±
k := �±(k)I � in±(k) · �±, (6)

where

n

±(k) :=

0

@
s
x

c
y

c
z

± c
x

s
y

s
z

c
x

s
y

c
z

⌥ s
x

c
y

s
z

c
x

c
y

s
z

± s
x

s
y

c
z

1

A ,

�±(k) := (c
x

c
y

c
z

⌥ s
x

s
y

s
z

), (7)

c
↵

:= cos(k
↵

/
p
3), s

↵

:= sin(k
↵

/
p
3), ↵ = x, y, z,

where �+ = � and �� = �T , with T denoting the transposed
matrix. The dispersion relations are given by

n±
µ

(k)nµ±(k) = 0, (8)

and are plotted in Fig. 1.
In the small wave-vector regime k ⇠ k0 = (0, 0, 0) one has

n(k) ⇠ k, recovering the usual relativistic dispersion relation. The
Weyl equations can be also recovered in the neighborhood of the
wavevectors k1 = ⇡

2 (1, 1, 1), k2 = �⇡

2 (1, 1, 1), k3 = �⇡

2 (1, 0, 0).

The mapping between the vectors k
i

exchange chirality of the par-
ticle and double the particles to four species in total. Therefore we
have four di↵erent particles–two left-handed and two right-handed–
namely the discreteness also doubles the particles, which is the well
known phenomenon of Fermion doubling [15]. In the following the
term “small wavevector” will denote the neighborhoods of the vec-
tors k

i

i = 0, . . . 3.
We now show that the group of symmetries of the dynamics of

the quantum walks in Eq. (6) contains a nonlinear representation
of the Poincaré group, which exactly recovers the usual linear one
in the small wave-vector regime. For any arbitrary non vanishing
function f(k) we can introduce the four-vector

p(f) = D(f)(k) := f(k)n(k) (9)

and rewrite the eigenvalue equation (3) as follows

p
(f)
µ

�µ (k) = 0. (10)

Upon denoting the usual Lorentz transformation by L� for a suit-
able f (an example is provided in the supplemental material) the
Brillouin zone splits into four regions B

i

i = 1, . . . , 4 centered
around k

i

i = 0, . . . 3, such that the composition

L(f)
� := D(f)�1L�D(f) (11)

is well defined on each region separately (see Methods). The
four invariant regions corresponding to the four di↵erent massless
Fermionic particles show that the Wigner notion of ”particle” as
invariant of the Poincaré group survives in a discrete world, con-
sistent with a physical interpretation of the Fermion-doubled par-

ticles. For fixed function f the maps L(f)
� provide a non-linear

representation of the Lorentz group [8, 9, 16]. In Figs. 2 and 3
we show the numerical evaluation of some wavevector orbits under
subgroups of the nonlinear Lorentz. The distortion e↵ects due to
underlying discreteness are evident at large wavevectors and boosts.

The relabeling k ! k0(k) = L(f)
� (k) satisfies (5) with �

k

= ⇤� and

�̃
k

= ⇤̃� for the right-handed particles, and �
k

= ⇤̃� and �̃
k

= ⇤�

for the left-handed particles, with ⇤� and ⇤̃� being the (0, 1
2 ) and

( 12 , 0) representation of the Lorentz group, independently on k in
each pertaining region.

For varying f , we obtain a much larger group, including infinitely
many copies of the nonlinear Lorentz one. In the small wave-vector
regime the whole group collapses to the usual linear Lorentz group
for each particle.

m=0 Deformed Poincaré group SO(1,3) 
m>0 Deformed De Sitter group SO(1,4) 
Lorentz transformations are perfectly recovered for k,m≪1 

- For k~1: 
- Double Special Relativity (Camelia-Smolin). 
- Relative locality (in addition to relativity of simultaneity)

Bisio, D'Ariano, Perinotti, arXiv:1503.01017

Case of study 2: Special Relativity from 
quantum theory without kinematics



Case of study 3: particle notion without mechanics
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- The Brillouin zone separates into four Poincaré-invariant regions diffeomorphic 
to balls, corresponding to four different particles. 

- m≠0 De Sitter SO(1,4)

•Mathematical statement:  
irreducible representation of the group of invariance of dynamics (deformed 
Poincaré group). 

•Physical interpretation: particle!

Bisio, D'Ariano, Perinotti, unpublished



m=0: deformed Lorentz

Relativity Principle 
without space-time

m>0: deformed De Sitter

Particle as Poincaré 
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Case of study 4: proper time

0 2 4 6 8-2-4-6

0

±1

m

𝜏
H(qα, pα, τ,m) =

∑

α

pαq̇α + c2mτ̇ − L

•Mathematical statement: topology of domain of the particle mass is a circle 

•Physical interpretation: proper time is discrete!
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Interacting theory for d=1: exact solution
First quantum cellular automata interacting theory satisfying all principles: massive 
Hubbard model. Solved analytically by Bethe ansatz. Bounded states established.

2

FIG. 1: Dispersion relation of the two particle Dirac Quantum
Walk. The eigenvalue of the eigenstates |++i, |��i, |+�i
and | � +i are respectively depicted in black, red, blue and
green. The eigenvalues are plotted in terms of the relative
momentum k, while the mass m and the total momentum
p are fixes. The mass and total momentum parameters are
m = 0.9, 0.7, 0.5, 0.3 and p = �3⇡/4, �⇡/4, ⇡/4, 3⇡/4 from
the top left to the bottom right.

III. INTERACTING QUANTUM WALK

In order to have an interacting dynamic we need to
have an evolution which is not linear in the field opera-
tors. A possible to way to introduce an interaction term
is to modify the QW evolution adding a further step
which implements the interaction i.e. U = U

free

U

int

.
In this way the single step evolution is the subsequent
action of a free evolution step and an interacting step.
In this paper we consider an interaction term between
fermionic fields of the following kind

V (�) := exp[i� †
r

(x) 
r

(x) †
l

(x) 
l

(x)] (12)

which is the distinctive feature of the well studied
Thirring and Hubbard models. Since the interaction
term in Eq. (12) commutes with the number operator
N(x) =  

†
r

(x) 
r

(x) +  

†
l

(x) 
l

(x) for all x, it is possible
to study the dynamics for a fixed number of particles. In
the two particles sector we have

V

2

(�)| 
r

(x, t)i|xi| 
l

(y, t)i|yi =
= e

i��

x,y | 
r

(x, t)i|xi| 
l

(y, t)i|yi
(13)

which in the centre of mass basis introduced in Eq. (7)
becomes

V

2

(�) = e

i��

y,0
I. (14)

It is convenient to consider the change of basis |yi|zi !
|yi|pi, which allows us to write V

2

(�) in the block diag-
onal form

V

2

(�) =

Z
dp ei��y,0

I ⌦ |pihp|. (15)

In the same basis the interacting evolution in the two
particle sector

U

2

(�) := D

2

V

2

(�) (16)

can also be written in block diagonal form

U

2

(�) =

Z
dpU

2

(�, p)⌦ |pihp|, U

2

(�, p) = D

2

(p)Ṽ
2

(�)

D

2

(p) =
0

BB@

n

2

e

i2p

I �imne

ip

S �imne

ip

S

† �m

2

�imne

ip

S n

2

S

2 �m

2 �imne

�ip

S

�imne

ip

S

† �m

2

n

2(S†)2 �imne

�ip

S

†

�m

2 �imne

�ip

S �imne

�ip

S

†
n

2

e

�i2p

1

CCA

Ṽ
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(�) :=

0

BB@

e
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y,0
I 0 0 0

0 e

i��

y,0
I 0 0

0 0 e

i��

y,0
I 0

0 0 0 e

i��

y,0
I

1

CCA

(17)
where S|yi = |y + 1i and we used the following notation
for the tensor product of the Hilbert spaces of the internal
degrees of freedom

✓
a

b

◆
⌦
✓
a

0

b

0

◆
=

0

B@

aa

0

ab

0

ba

0

bb

0

1

CA . (18)

In order to completely diagonalize the evolution, we now
need to diagonalize the operator U

2

(�, p) for any possi-
ble value of � and p. This problem can be solved with
the Bethe ansatz. First, let us assume that the the in-
teracting particles are Fermions. This implies that the
eigenvectors of U

2

(�, p) must be antisymmetric under the
transfomation (11) that corresponds to the exchange of
the two particles. For y > 0, the most general solution of
the finite di↵erence equation corresponding to the eigen-
value equation U

2

(�, p)| i = e

�i!| i is of the following
form [CITAZIONE? E’ BEN NOTO?]

P

>

|⇣
p,!

i =
X

y>0

|⇣
p,!

(y)i|yi

|⇣
p,!

(y)i =
X

s,r=±

Z
dkf(s, r, k)e�iyk|V sr

k

i
(19)

where P

>

is the projector on C4 ⌦ Z
>

(Z
>

is the set of
positive integers),

k = k

0 + i, k

0 2 [�⇡,⇡],  2 R, f(s, r, k) 2 C
e

�i! 6= e

�i!

sr

(p,k) ) f(s, r, k) = 0,
(20)

and the function !

sr

(p, k) is defined as in Eq. (9) with
the only di↵erence that now k can be a complex number.
A QUESTO LIVELLO NON STIAMO IMPONENDO

CHE LE SOLUZIONI SIANO IN L2(Z) ⌦ C4 E NEM-
MENO CHE SIANO AUTOVETTORI IMPROPRI

4

where

T

�

(�, p, k) =
a

�

(p, k) + e

�i�

b

�

(p, k)

b

�

(p, k) + e

�i�

a

�

(p, k)
, � = ±,

a

�

(p, k) =
p

1 + v(p+ k)
p
1� �v(p� k),

b

�

(p, k) = �

p
1� v(p+ k)

p
1 + �v(p� k)

(31)

and �, µ 2 C.
For any k 2 [�⇡,⇡], Eqs. (29) and (30) correspond

to an (improper) eigenvector of U
2

(�, p) with (improper)
eigenvalues e�i(!(p+k)+!(p�k)) and e

�i(!(p+k)�!(p�k)) re-
spectively. The vectors |�

sc

i and | 
sc

i are scattering
solutions for the two particles and T

�

(�, p, k) can be in-
terpreted as a transmission coe�cient.

In addition to scattering solutions, the interacting
dynamics allows for bound states which are eigenvec-
tors corresponding to the discrete spectrum of U

2

(�, p).
These solutions can be obtained from the same ansatz
(24) and (25) assuming that the imaginary part of k is
di↵erent from 0. As one can easily verify in the limit of
n ! ±1 the solutions are bounded only if � = 0, µ 6= 0
and T

�

= 0 with =(k) > 0. Starting from these two con-
ditions we have to derive the admissible energy spectrum
for bound states.

The condition T

�

= 0 is equivalent to the constraint
a

�

+ e

�i�

b

�

= 0 ^ b

�

+ e

�i�

a

�

6= 0 (in order to simplify
the notation we drop the explicit dependence on p, k)
which in turn implies that a

�

, b

�

6= 0 and � 6= 0,⇡. Then
we consider separately two cases, � = ±⇡

2

, and � 6= ±⇡

2

.
If � = ±⇡

2

we have that T
�

= 0 if and only if

(a
�

+ ib

�

)(a
�

� ib

�

) = 0 ^ (a
�

⌥ ib

�

) 6= 0

that by direct computation gives 1��v(p+k)v(p�k) = 0.
In Appendix B we show that this condition leads to the
following discrete spectrum

! = arccos[n2 cos 2p], (32)

and that this part of the spectrum is not degenerate.
If instead � 6= ±⇡

2

it is also b

�

� e

�i�

a

�

6= 0 and we
have T

�

= 0 if and only if

(a
�

+ e

�i�

b

�

)(a
�

± e

i�

b

�

) = 0 ^ (a
�

+ e

i�

b

�

) 6= 0,

which gives

v(p+ k)� �v(p� k)

1� �v(p+ k)v(p� k)
= ��i tan�. (33)

In Appendix B we prove that the above condition leads
to the same discrete spectrum in the even and in the odd
case

!±(p,�) = arccos
⇥
n

2 cos 2p+ ⌘±(p,�)
⇤
, (34)

⌘±(p,�) :=
m

2 sin 2p sinh 2!̃±

2 tan�(cosh2 !̃± � cos2 p)
,

!̃±(p,�) := arctanh


tan p

tan�

✓
1±

q
1 + tan2 �

◆�
.

FIG. 2: Discrete spectrum of the Hubbard QCA for � = 1.14.
!+ in red and !� in blue.
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Appendix A: Proof of Eq. (21)

We introduce the notation for the two particles mo-
menta and for the relative momentum

k = k

0 + ik̃,

k

0
1

= p+ k

0
k

0
2

= p� k

0
.

(A1)

with k

0 and k̃ both real. We remind that the energy is
given by !

sr

(p, k) = s!(p+ k) + r!(p� k) with � := sr

giving the parity of the solution: (� = ±1) in the even
and in the odd case respectively. We introduce also the
notation

!

1

= !(p+ k) := !

0
1

+ i!̃,

!

2

= !(p� k) := !

0
2

� �i!̃.

(A2)

where !

0
i

, i = 1, 2 and !̃ are reals.
Since we have cos!(p± k) = n cos(p± k), we find the

relation between the real and the imaginary parts of the
energy and momenta

cos!0
i

= n cos(k0
i

)
cosh k̃

cosh !̃
, i = 1, 2

sin!0
1

= n sin(k0
1

)
sinh k̃

sinh !̃
,

sin!0
2

= �n sin(k0
2

)
sinh k̃

sinh !̃
.

(A3)

From the above relations we find that, independently on
the parity �,

cos2(p± k

0)
cosh2 k̃

cosh2 !̃
+ sin2(p± k

0)
sinh2 k̃

sinh2 !̃
=

1

n

2

(A4)



Thank you for your attention

This is more or less what I wanted to say


