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We derive quantum theory from purely informational principles. Five elementary axioms—causality, perfect
distinguishability, ideal compression, local distinguishability, and pure conditioning—define a broad class of
theories of information processing that can be regarded as standard. One postulate—purification—singles out
quantum theory within this class.
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I. INTRODUCTION

More than 80 years after its formulation, quantum theory
is still mysterious. The theory has a solid mathematical foun-
dation, addressed by Hilbert, von Neumann, and Nordheim
in 1928 [1] and brought to completion in the monumental
work by von Neumann [2]. However, this formulation is based
on the abstract framework of Hilbert spaces and self-adjoint
operators, which, to say the least, are far from having an
intuitive physical meaning. For example, the postulate stating
that the pure states of a physical system are represented by
unit vectors in a suitable Hilbert space appears as rather
artificial: which are the physical laws that lead to this very
specific choice of mathematical representation? The problem
with the standard textbook formulations of quantum theory
is that the postulates therein impose particular mathematical
structures without providing any fundamental reason for this
choice: the mathematics of Hilbert spaces is adopted without
further questioning as a prescription that “works well” when
used as a black box to produce experimental predictions. In
a satisfactory axiomatization of quantum theory, instead, the
mathematical structures of Hilbert spaces (or C* algebras)
should emerge as consequences of physically meaningful
postulates, that is, postulates formulated exclusively in the
language of physics: this language refers to notions like
physical system, experiment, or physical process and not to
notions like Hilbert space, self-adjoint operator, or unitary
operator. Note that any serious axiomatization has to be based
on postulates that can be precisely translated in mathematical
terms. However, the point with the present status of quantum
theory is that there are postulates that have a precise mathe-
matical statement, but cannot be translated back into language
of physics. Those are the postulates that one would like to
avoid.

The need for a deeper understanding of quantum the-
ory in terms of fundamental principles was clear since
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the very beginning. Von Neumann himself expressed his
dissatisfaction with his mathematical formulation of quan-
tum theory with the surprising words “I don’t believe in
Hilbert space anymore,” reported by Birkhoff in [3]. Re-
alizing the physical relevance of the axiomatization prob-
lem, Birkhoff and von Neumann made an attempt to un-
derstand quantum theory as a new form of logic [4]:
the key idea was that propositions about the physical world
must be treated in a suitable logical framework, different from
classical logics, where the operations AND and OR are no longer
distributive. This work inaugurated the tradition of quantum
logics, which led to several attempts to axiomatize quantum
theory, notably by Mackey [5] and Jauch and Piron [6] (see
Ref. [7] for a review on the more recent progresses of quantum
logics). In general, a certain degree of technicality, mainly
related to the emphasis on infinite-dimensional systems, makes
these results far from providing a clear-cut description of
quantum theory in terms of fundamental principles. Later
Ludwig initiated an axiomatization program [8] adopting an
operational approach, where the basic notions are those of
preparation devices and measuring devices and the postulates
specify how preparations and measurements combine to give
the probabilities of experimental outcomes. However, despite
the original intent, Ludwig’s axiomatization did not succeed
in deriving Hilbert spaces from purely operational notions, as
some of the postulates still contained mathematical notions
with no operational interpretation.

More recently, the rise of quantum information science
moved the emphasis from logics to information processing.
The new field clearly showed that the mathematical principles
of quantum theory imply an enormous amount of information-
theoretic consequences, such as the no-cloning theorem [9,10],
the possibility of teleportation [11], secure key distribution
[12–14], or of factoring numbers in polynomial time [15]. The
natural question is whether the implication can be reversed: is
it possible to retrieve quantum theory from a set of purely
informational principles? Another contribution of quantum
information has been to shift the emphasis to finite dimensional
systems, which allow for a simpler treatment but still possess
all the remarkable quantum features. In a sense, the study
of finite dimensional systems allows one to decouple the
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“But you have correctly grasped the drawback 
that the continuum brings. If the molecular 
view of matter is the correct (appropriate) one, 
i.e., if a part of the universe is to be 
represented by a finite number of moving 
points, then the continuum of the present 
theory contains too great a manifold of 
possibilities. I also believe that this too great is 
responsible for the fact that our present means 
of description miscarry with the quantum 
theory. The problem seems to me how one can 
formulate statements about a discontinuum 
without calling upon a continuum (space-time) 
as an aid; the latter should be banned from the 
theory as a supplementary construction not 
justified by the essence of the problem, which 
corresponds to nothing “real”. But we still lack 
the mathematical structure unfortunately. How 
much have I already plagued myself in this 
way!”

J. Stachel, in From Quarks to Quasars: Philosophical Problems of Modern Physics
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Quantum walk on Cayley graph

w.l.g. Hilbert space H = ⊕g∈GCsg j Gj ! ℵ, sg ∈ N

Build a directed graph with an arrow from g 
to g’ wherever they are connected by Agg’ ≠ 0

D'Ariano, Perinotti, 
PRA 90 062106 (2014)

Evolution

QUANTUM WALKS ON CAYLEY GRAPHS 7

with relators

RxRy = �Rz, and cyclic permutations, R2
↵ = �I2, ↵ = x, y, z
(19)

Remark 3. The quantum walks in Examples 1
and 2 are the only isotropic QWCG with Abelian
G that are quasi-isometrically embeddable in Rd,
with d = 2, 3. These has been derived in Ref. [?],
and in the relativistic limit give the Weyl equa-
tion, which is the building block of the quantum-
automata framework for quantum field theory.

3. Note on the derivation of the QWCG

from principles

We assume the following requirements for the
interactions defining the QW evolution: 1) linear-
ity, 2) unitarity, 3)locality, 4) homogeneity, and 5)
isotropy.

Cells labeled by g 2 G, |G|  @

Linearity

The interaction between systems is described by
sg0 ⇥ sg transition matrices Agg0 with evolution
from step t to step t+ 1 given by

 g(t+ 1) =
X

g02G

Agg0 g0(t).

Unitarity

X

g0

Agg0A
†
g00g0 =

X

g0

A†
gg0Ag00g0 = �gg00Isg

Locality

Sg ✓ G set of cells g0 interacting with g (Agg0 6=
0) |Sg|  k < 1 for every g 2 G.

Homogeneity

All cells g 2 G are equivalent =) |Sg| and {Agg0}g02Sg

independent of g.

Identify the matrices Agg0 = Ah for some h 2 S
with |S| = |Sg|

Define gh := g0 if Agg0 = Ah

A sequence of transitions AhNAhN�1 . . . Ah1 con-
nects g to itself, i.e. gh1h2 . . . hN = g, then it
must also connect any other g0 2 G to itself,
i.e. g0h1h2 . . . hN = g0.

Evolution

X

g0

Agg0A
†
g00g0 =

X

g0

A†
gg0Ag00g0 = �gg00Isg

ψg(t+ 1) =
∑

g′∈Sg

Agg′ψg′(t)

g

g1

g2

g3
g

g′



Quantum walk on Cayley graph

w.l.g. Hilbert space H = ⊕g∈GCsg j Gj ! ℵ, sg ∈ N

1) Locality: Sg uniformly bounded

3) Homogeneity: all g ∈ G are “equivalent”
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X

g0

Agg0A
†
g00g0 =

X

g0

A†
gg0Ag00g0 = �gg00Isg

ψg(t+ 1) =
∑

g′∈Sg

Agg′ψg′(t)

gg

g1

g2

g3g4

g5

g6

2) Reciprocity: Agg′ ̸= 0 =⇒ Ag′g ̸= 0

…Sg = S, sg = s label Agg′ =: Ah, h ∈: S
define the “action” on the set of vertices G:                whenever gh := g′ Agg′ = Ah

skip proof
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2) Reciprocity: Agg′ ̸= 0 =⇒ Ag′g ̸= 0

A sequence                            connects    to itself,AhNAhN−1 . . . Ah1 g
namely gh1h2 . . . hN = g , then it must also connect 
any other     to itself, i.e.                            .g′ g′h1h2 . . . hN = g′

A sequence                            connects    to itself,A sequence                            connects    to itself,AA sequence                            connects    to itself,A sequence                            connects    to itself,hA sequence                            connects    to itself,NA sequence                            connects    to itself,NA sequence                            connects    to itself,A sequence                            connects    to itself,AA sequence                            connects    to itself,A sequence                            connects    to itself,hA sequence                            connects    to itself,NA sequence                            connects    to itself,NA sequence                            connects    to itself,A sequence                            connects    to itself,−A sequence                            connects    to itself,1A sequence                            connects    to itself,1A sequence                            connects    to itself,A sequence                            connects    to itself,. . .A sequence                            connects    to itself,A sequence                            connects    to itself,AA sequence                            connects    to itself,A sequence                            connects    to itself,hA sequence                            connects    to itself,1A sequence                            connects    to itself,1A sequence                            connects    to itself,gA sequence                            connects    to itself,gA sequence                            connects    to itself,
namely gh1h2 . . . hN = g , then it must also connect 
any other     to itself, i.e.                            .any other     to itself, i.e.gany other     to itself, i.e.′any other     to itself, i.e.′any other     to itself, i.e.g                            .g                            .′h1                            .1                            .h2                            .2                            .. . . hN                            .N                            .= g                            .g                            .′

gggg

g1g1

g2g2

g3g3

ghh−1 = gFrom 2): two-loop                      defines uniquely        for    and viceversaghh 1 gFrom 2): two-loop                      defines uniquely        for    and viceversaghh                      defines uniquely        for    and viceversaghh−                      defines uniquely        for    and viceversa−1                      defines uniquely        for    and viceversa1 =                      defines uniquely        for    and viceversa= g                      defines uniquely        for    and viceversag hh−1

Agg′ =: Ah, Ag′g =: Ah−1 , h ∈ S ≡ S+ ∪ S−, S− := S−1
+
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2) Reciprocity: Agg′ ̸= 0 =⇒ Ag′g ̸= 0

with action on vertices in G:                whenever gh := g′ Agg′ = Ah

Build the free group F of words made with letters: 
h ∈ S := S+ ∪ S−

H  normal subgroup of FConsider the subgroup H of closed paths
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G

The following operator over the Hilbert space    
                       is unitary 

where     is the right regular representation of       
on            acting as 

ℓ2(G)⊗ Cs

T
ℓ2(G)

Tg j g′⟩ = j g′g−1⟩

A =
∑

h∈S

Th ⊗Ah

4) Isotropy: 

There exist:  
• a group L of permutations of S+, transitive over     

S+ that leaves the Cayley graph invariant 
• a unitary s-dimensional (projective) representation 

{Ll} of L such that:

A =
∑

h∈S

Th ⊗Ah =
∑

h∈S

Tlh ⊗ LlAhL
y
l
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Unitarity + isotropy ⇒ for d=3 the only Cayley is the BCC!!

☞ Minimal dimension for nontrivial unitary A: s=2

The Weyl QW

D'Ariano, Perinotti, PRA 90 062106 (2014)
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The Weyl QW

Two QCAs 
connected 

by P

sα = sin
kα
√
3

cα = cos
kα
√
3

D'Ariano, Perinotti, 
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Dirac emerging from the QCA

Fidelity with Dirac for a narrowband packets  in the relativistic limitk ≃ m ≪ 1

N ≃ m
−3 = 2.2 ∗ 1057 t = 1.2 ∗ 1014s = 3.7 ∗ 106relativistic proton: y⇒

5 ∗ 10−28k = 10−8
≫ mUHECRs: N ≃ k

−2 = 1016 s⇒ ⇒

F = |⟨exp [−iN∆(k)]⟩|
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• Evolution of a narrow-band particle-state

2d Dirac
• Evolution of a localized state
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Analytical solution of Dirac (d=1) and Weyl (d=1,2,3)

us start with coefficients c00 and c11. The matrices
A00 and A11 appear only for f even (see Eq. (13))
in which case one has f+2

2 odd strings τ2i+1 and f
2

even strings τ2i. A00 appears whenever σ f ∈ ΩR,
namely when the R-transitions are arranged in the
strings τ2i+1. This means that we have to count in how
many ways the r identical characters R and l identi-
cal characters L can be arranged in f+2

2 and f
2 strings,

respectively. These arrangements can be viewed as
combinations with repetitions which give

c00( f ) =
( f
2 + r
r

)( f
2 + l − 1

l

)

=

( t+x−y
2
f
2

)( t−x+y
2 − 1
f
2 − 1

)

,

where the second equality trivially follows from
Eq. (4). Similarly A11 appears whenever σ f ∈ ΩL
which gives

c11( f ) =
( f
2 + l
l

)( f
2 + r − 1

r

)

=

( t−x+y
2
f
2

)( t+x−y
2 − 1
f
2 − 1

)

.

Consider now the other two coefficients c10 and c01
counting the occurrences of A10 and A01. The last
ones appears only when f is odd (see Eq. (13)) and
then one has the same number f+1

2 of odd strings τ2i+1
and even strings τ2i. Counting the combinations with
repetitions as in the previous cases we get

c10( f ) = c01( f ) =
( f−1
2 + r
r

)( f−1
2 + l
l

)

=

( t+x−y−1
2
f−1
2

)( t−x+y−1
2
f−1
2

)

,

which concludes the derivation of the coefficients
cab( f ) in Eq. (17).
The analytical solution of the Dirac automaton can

also be expressed in terms of Jacobi polynomials
P(ζ,ρ)k performing the sum over f in Eq. (16) which
finally gives

ψ(x, t) =
∑

y

∑

a,b∈{0,1}

γa,bP(1,−t)k

(

1 + 2
(m
n

)2)

Aabψ(y, 0),

k = µ+ −
a ⊕ b + 1

2
,

γa,b = −(ia⊕b)nt
(m
n

)2+a⊕b k!
(

µ(−)ab +
a⊕b
2

)

(2)k
, (18)

where γ00 = γ11 = 0 (γ10 = γ01 = 0) for t + x − y odd
(even) and (x)k = x(x + 1) · · · (x + k − 1).

4. Conclusions

We studied the one dimensional Dirac automaton,
considering a discrete path integral formulation. The
analytical solution of the automaton evolution has
been derived, adding a relevant case to the set of
quantum automata solved in one space dimension, in-
cluding only the coined quantum walk and the disor-
dered coined quantumwalk. The main novelty of this
work is the technique used in the derivation of the an-
alytical solution, based on the closure under multipli-
cation of the automaton transition matrices. This ap-
proach can be extended to automata in higher space
dimension. For example the transition matrices of
theWeyl and Dirac QCAs in 2+1 and 3+1 dimension
recently derived in Ref. [26] enjoy the closure fea-
ture and their path-sum formulation could lead to the
first analytically solved example in dimension higher
than one.
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i∂te
−ik0 � x+iω0tψ(k ; t) = s[ω(k)− ω0]e

−ik0 � x+iω0tψ(k ; t)

i∂t ~ψ(k ; t) = s[ω(k)− ω0] ~ψ(k ; t)

i∂t ~ψ(x ; t) = s[v � ∇+
1

2
D � ∇∇] ~ψ(x ; t)

v = (∇kω) (k0)

D = (∇k∇kω) (k0)

Dispersive Schrödinger equation

e
−ik0 � x+iω0tψ(k ; t) =

k ; t) = s

0 � x+
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The LTM standards of the theory

Dimensionless variables

Measure     (kmax) from light-refraction-index

Relativistic limit: c = a/t ! = mac

a

k/kmax ω = ωmax

x =
x[m]

a
∈ Z, t =

t[sec]
t

∈ Z, m =
m[kg]

m
∈ [0, 1]
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Special Relativity recovered … and more
Relativity principle: invariance of the physical law under change of inertial reference frame   
→ invariance of eigenvalue equation under change of representation. 

Bisio, D'Ariano, Perinotti, 
unpublished

3

FIG. 3: The green surface represents the orbit of the wavevec-
tor k = (0.3, 0, 0) under the full rotation group SO(3).

Up to now we have analyzed what happens with massless par-
ticles. A simple way to obtain the Dirac equation is to pair an
automaton in Eq. (6) with its adjoint into a direct sum, as in
Ref.[14], thus leading to a new automaton giving the Dirac equa-
tion in the small wave-vector regime. A relevant feature of the
discreteness is that because of unitarity the mass parameter is up-
per bounded [17]. Now if one derives the full symmetry group of
the dynamics as we have done for the two automata in Eq. (6)
one discovers that the group is a nonlinear representation of the de
Sitter group SO(1, 4) with infinite cosmological constant, with the
rest mass of the particle playing the role of the additional coordi-
nate (see Methods). It is noticeable that even for pure boosts the
rest-mass is involved in the transformation. For rest-mass much
smaller than the upper bound and for pure boosts one recovers the
previous nonlinear Lorentz group for zero-mass.

We have seen what happens of the Lorentz group in a quantum
world that is discrete. The main point is to abandon the idea of

enforcing the exact Lorentz symmetry on the discrete, but instead
to consider the symmetry as an approximate one that holds only
in the small wave-vector and small mass regime. But the natural
question is now: how small? According to the common opinion
the scale of discreteness a is identified with the Planck scale. In
terms of the maximum wavevector k

M

in the Brillouin zone, one

has k
M

=
p
3⇡
a

. In the small wavevector regime we recover the
simple relations [17] c = ap

3⌧
and ~ = µac, with c, ~, and ⌧ de-

noting the speed of light, the Planck constant, and the time-step,
respectively. Then the maximum mass µ of the quantum walk
is the Planck-mass. A way of deriving µ and a heuristically is
to keep literally the argument of taking the mass of the particle
bounded in order to keep the Compton wave-length �

C

larger than
the Schwartschild radius. Noticeably for m = µ the dispersion re-
lation is constant, namely with no propagation of information, a
situation reminiscent of a micro black hole [18]. Remarkably gen-
eral relativity enters the present quantum digital framework also
through the unforeseeable appearance of the De Sitter symmetry
group, which connects di↵erent Dirac particle mass values. Are
these only coincidences? The dream is that it is a new route to
quantum gravity.

The crucial question is now what can be actually seen experi-
mentally. The modification to the usual dispersion relations can
in principle be detected in observation of gamma-ray bursts from
deep-space events, where billions of light-year of distance can suf-
ficiently amplify the weak vacuum dispersive behavior due to dis-
creteness [19]. In our context this can be proved with the free elec-
tromagnetic field derived as the two-particle sector of the quantum
walk in Eq. (6) [20]. This possibility reconnects with the recent
analysis of data [21] from Fermi-LAT concluding that the obser-
vations set an upper-bound to the scale of discreteness which is
smaller than the Planck scale a by a factor 2.8. The analysis of
Ref. [21] can be refined with a complete theoretical derivation
based on Ref. [20] and on the results presented in this letter. This
would also take into account the possibility of a compensating e↵ect
due to the phenomenon of relative locality [22]. In short relative
locality is the phenomenon due to the nonlinearity of the Lorentz
transformations, which generalizes the relativity of simultaneity to
relativity of the full space-time coincidence of events. The sepa-
ration of events under boost is amplified by the di↵erence of their
frequency domain. Indeed the Fermi-LAT observation is based on
a predicted time-delay between two events with a huge di↵erence
in frequency, which could then be compensated by the relative-
locality e↵ect. The fully fledged discrete theory given here, derived
from very general principles, allows for a thorough quantitative
evaluation that takes into account both the dispersive vacuum and
nonlinear Lorentz transformations.
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FIG. 2: The distortion e↵ects of the Lorentz group for the discrete Planck-scale theory represented by the quantum walk in
Eq. (6). Left figure: the orbit of the wavevectors k = (k

x

, 0, 0), with k
x

2 {.05, .2, .5, 1, 1.7} under the rotation around the z
axis. Right figure: the orbit of wavevectors with |k| = 0.01 for various directions in the (k

x

, k
y

) plane under the boosts with �
parallel to k and |�| 2 [0, tanh 4].

The eigenvalues can be collected into two functions !±(k) called
dispersion relations. In this scenario the constants of motions are
k and !±, hence a change of representation corresponds to a map
k 7! k0(k). Now the principle of relativity corresponds to the re-
quirement that the eigenvalue equation (3) is preserved under a
change of representation as follows

n
µ

(k)�µ = �̃�1
k

n
µ

(k0)�µ �
k

, (5)

where �
k

, �̃
k

are invertible matrices.
Eq. (5) translates the relativity principle for the QW evolution:

the dynamics is left invariant by a change of observer.
The simplest example of change of observer is the one given by

the trivial relabeling k0 = k and by the matrices �
k

= �̃
k

= ei�(k),
where �(k) is an arbitrary real function of k. When �(k) is a
linear function we recover the usual group of translations. The set
of changes of representation k 7! k0(k) for which Eq. (5) holds are
a group, which is the largest group of symmetries of the dynamics.

If to the general assumptions defining the quantum walk we just
add that of isotropy, it turns out that there are only two admis-
sible quantum walks [14], which in the small wave-vector regime
give exactly the two Weyl equations for the left and right massless
Fermion. Indeed, with the above assumptions the only possible
lattice is the body centered cubic one, and modulo local unitary
equivalence the two admissible quantum walks are

A±
k := �±(k)I � in±(k) · �±, (6)

where

n

±(k) :=

0

@
s
x

c
y

c
z

± c
x

s
y

s
z

c
x

s
y

c
z

⌥ s
x

c
y

s
z

c
x

c
y

s
z

± s
x

s
y

c
z

1

A ,

�±(k) := (c
x

c
y

c
z

⌥ s
x

s
y

s
z

), (7)

c
↵

:= cos(k
↵

/
p
3), s

↵

:= sin(k
↵

/
p
3), ↵ = x, y, z,

where �+ = � and �� = �T , with T denoting the transposed
matrix. The dispersion relations are given by

n±
µ

(k)nµ±(k) = 0, (8)

and are plotted in Fig. 1.
In the small wave-vector regime k ⇠ k0 = (0, 0, 0) one has

n(k) ⇠ k, recovering the usual relativistic dispersion relation. The
Weyl equations can be also recovered in the neighborhood of the
wavevectors k1 = ⇡

2 (1, 1, 1), k2 = �⇡

2 (1, 1, 1), k3 = �⇡

2 (1, 0, 0).

The mapping between the vectors k
i

exchange chirality of the par-
ticle and double the particles to four species in total. Therefore we
have four di↵erent particles–two left-handed and two right-handed–
namely the discreteness also doubles the particles, which is the well
known phenomenon of Fermion doubling [15]. In the following the
term “small wavevector” will denote the neighborhoods of the vec-
tors k

i

i = 0, . . . 3.
We now show that the group of symmetries of the dynamics of

the quantum walks in Eq. (6) contains a nonlinear representation
of the Poincaré group, which exactly recovers the usual linear one
in the small wave-vector regime. For any arbitrary non vanishing
function f(k) we can introduce the four-vector

p(f) = D(f)(k) := f(k)n(k) (9)

and rewrite the eigenvalue equation (3) as follows

p
(f)
µ

�µ (k) = 0. (10)

Upon denoting the usual Lorentz transformation by L� for a suit-
able f (an example is provided in the supplemental material) the
Brillouin zone splits into four regions B

i

i = 1, . . . , 4 centered
around k

i

i = 0, . . . 3, such that the composition

L(f)
� := D(f)�1L�D(f) (11)

is well defined on each region separately (see Methods). The
four invariant regions corresponding to the four di↵erent massless
Fermionic particles show that the Wigner notion of ”particle” as
invariant of the Poincaré group survives in a discrete world, con-
sistent with a physical interpretation of the Fermion-doubled par-

ticles. For fixed function f the maps L(f)
� provide a non-linear

representation of the Lorentz group [8, 9, 16]. In Figs. 2 and 3
we show the numerical evaluation of some wavevector orbits under
subgroups of the nonlinear Lorentz. The distortion e↵ects due to
underlying discreteness are evident at large wavevectors and boosts.

The relabeling k ! k0(k) = L(f)
� (k) satisfies (5) with �

k

= ⇤� and

�̃
k

= ⇤̃� for the right-handed particles, and �
k

= ⇤̃� and �̃
k

= ⇤�

for the left-handed particles, with ⇤� and ⇤̃� being the (0, 1
2 ) and

( 12 , 0) representation of the Lorentz group, independently on k in
each pertaining region.

For varying f , we obtain a much larger group, including infinitely
many copies of the nonlinear Lorentz one. In the small wave-vector
regime the whole group collapses to the usual linear Lorentz group
for each particle.

- Deformed Poincaré group 
- Lorentz transformations are perfectly recovered for k≪1. 
- For k~1: 

- Double Special Relativity (Camelia-Smolin). 
- Relative locality (in addition to relativity of simultaneity)



Special Relativity recovered … and more
Relativity principle: invariance of the physical law under change of inertial reference frame   
→ invariance of eigenvalue equation under change of representation. 

Bisio, D'Ariano, Perinotti, 
unpublished
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H(qα ; pα ; τ ; m) =

∑

α

pαq̇α + c2mτ̇ − L

- The Brillouin zone separates into four Poincaré-invariant regions diffeomorphic to 
balls, corresponding to four different particles.

- m≠0 De Sitter SO(1,4)  
- mass m and proper-time ! are conjugated
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Interacting Dirac QCA in 1+1!

2

FIG. 1: Dispersion relation of the two particle Dirac Quantum
Walk. The eigenvalue of the eigenstates |++i, |��i, |+�i
and | � +i are respectively depicted in black, red, blue and
green. The eigenvalues are plotted in terms of the relative
momentum k, while the mass m and the total momentum
p are fixes. The mass and total momentum parameters are
m = 0.9, 0.7, 0.5, 0.3 and p = �3⇡/4, �⇡/4, ⇡/4, 3⇡/4 from
the top left to the bottom right.

III. INTERACTING QUANTUM WALK

In order to have an interacting dynamic we need to
have an evolution which is not linear in the field opera-
tors. A possible to way to introduce an interaction term
is to modify the QW evolution adding a further step
which implements the interaction i.e. U = U

free

U

int

.
In this way the single step evolution is the subsequent
action of a free evolution step and an interacting step.
In this paper we consider an interaction term between
fermionic fields of the following kind

V (�) := exp[i� †
r

(x) 
r

(x) †
l

(x) 
l

(x)] (12)

which is the distinctive feature of the well studied
Thirring and Hubbard models. Since the interaction
term in Eq. (12) commutes with the number operator
N(x) =  

†
r

(x) 
r

(x) +  

†
l

(x) 
l

(x) for all x, it is possible
to study the dynamics for a fixed number of particles. In
the two particles sector we have

V

2

(�)| 
r

(x, t)i|xi| 
l

(y, t)i|yi =
= e

i��

x,y | 
r

(x, t)i|xi| 
l

(y, t)i|yi
(13)

which in the centre of mass basis introduced in Eq. (7)
becomes

V

2

(�) = e

i��

y,0
I. (14)

It is convenient to consider the change of basis |yi|zi !
|yi|pi, which allows us to write V

2

(�) in the block diag-
onal form

V

2

(�) =

Z
dp ei��y,0

I ⌦ |pihp|. (15)

In the same basis the interacting evolution in the two
particle sector

U

2

(�) := D

2

V

2

(�) (16)

can also be written in block diagonal form

U

2

(�) =

Z
dpU

2

(�, p)⌦ |pihp|, U

2

(�, p) = D

2

(p)Ṽ
2

(�)

D

2

(p) =
0

BB@
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i2p

I �imne

ip

S �imne

ip

S

† �m

2

�imne

ip
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2

S

2 �m

2 �imne

�ip

S

�imne

ip

S

† �m

2

n

2(S†)2 �imne

�ip

S

†

�m

2 �imne

�ip

S �imne

�ip

S

†
n

2

e

�i2p

1

CCA

Ṽ

2

(�) :=

0

BB@

e

i��

y,0
I 0 0 0

0 e

i��

y,0
I 0 0

0 0 e

i��

y,0
I 0

0 0 0 e

i��

y,0
I

1

CCA

(17)
where S|yi = |y + 1i and we used the following notation
for the tensor product of the Hilbert spaces of the internal
degrees of freedom

✓
a

b

◆
⌦

✓
a

0

b

0

◆
=

0

B@

aa

0

ab

0

ba

0

bb

0

1

CA . (18)

In order to completely diagonalize the evolution, we now
need to diagonalize the operator U

2

(�, p) for any possi-
ble value of � and p. This problem can be solved with
the Bethe ansatz. First, let us assume that the the in-
teracting particles are Fermions. This implies that the
eigenvectors of U

2

(�, p) must be antisymmetric under the
transfomation (11) that corresponds to the exchange of
the two particles. For y > 0, the most general solution of
the finite di↵erence equation corresponding to the eigen-
value equation U

2

(�, p)| i = e

�i!| i is of the following
form [CITAZIONE? E’ BEN NOTO?]

P

>

|⇣
p,!

i =
X

y>0

|⇣
p,!

(y)i|yi

|⇣
p,!

(y)i =
X

s,r=±

Z
dkf(s, r, k)e�iyk|V sr

k

i
(19)

where P

>

is the projector on C4 ⌦ Z
>

(Z
>

is the set of
positive integers),

k = k

0 + i, k

0 2 [�⇡,⇡],  2 R, f(s, r, k) 2 C
e

�i! 6= e

�i!

sr

(p,k) ) f(s, r, k) = 0,
(20)

and the function !

sr

(p, k) is defined as in Eq. (9) with
the only di↵erence that now k can be a complex number.
A QUESTO LIVELLO NON STIAMO IMPONENDO

CHE LE SOLUZIONI SIANO IN L2(Z) ⌦ C4 E NEM-
MENO CHE SIANO AUTOVETTORI IMPROPRI

4

where

T

�

(�, p, k) =
a

�

(p, k) + e

�i�

b

�

(p, k)

b

�

(p, k) + e

�i�

a

�

(p, k)
, � = ±,

a

�

(p, k) =
p
1 + v(p+ k)

p
1� �v(p� k),

b

�

(p, k) = �

p
1� v(p+ k)

p
1 + �v(p� k)

(31)

and �, µ 2 C.
For any k 2 [�⇡,⇡], Eqs. (29) and (30) correspond

to an (improper) eigenvector of U
2

(�, p) with (improper)
eigenvalues e�i(!(p+k)+!(p�k)) and e

�i(!(p+k)�!(p�k)) re-
spectively. The vectors |�

sc

i and | 
sc

i are scattering
solutions for the two particles and T

�

(�, p, k) can be in-
terpreted as a transmission coe�cient.
In addition to scattering solutions, the interacting

dynamics allows for bound states which are eigenvec-
tors corresponding to the discrete spectrum of U

2

(�, p).
These solutions can be obtained from the same ansatz
(24) and (25) assuming that the imaginary part of k is
di↵erent from 0. As one can easily verify in the limit of
n ! ±1 the solutions are bounded only if � = 0, µ 6= 0
and T

�

= 0 with =(k) > 0. Starting from these two con-
ditions we have to derive the admissible energy spectrum
for bound states.
The condition T

�

= 0 is equivalent to the constraint
a

�

+ e

�i�

b

�

= 0 ^ b

�

+ e

�i�

a

�

6= 0 (in order to simplify
the notation we drop the explicit dependence on p, k)
which in turn implies that a

�

, b

�

6= 0 and � 6= 0,⇡. Then
we consider separately two cases, � = ±⇡

2

, and � 6= ±⇡

2

.
If � = ±⇡

2

we have that T
�

= 0 if and only if

(a
�

+ ib

�

)(a
�

� ib

�

) = 0 ^ (a
�

⌥ ib

�

) 6= 0

that by direct computation gives 1��v(p+k)v(p�k) = 0.
In Appendix B we show that this condition leads to the
following discrete spectrum

! = arccos[n2 cos 2p], (32)

and that this part of the spectrum is not degenerate.
If instead � 6= ±⇡

2

it is also b

�

� e

�i�

a

�

6= 0 and we
have T

�

= 0 if and only if

(a
�

+ e

�i�

b

�

)(a
�

± e

i�

b

�

) = 0 ^ (a
�

+ e

i�

b

�

) 6= 0,

which gives

v(p+ k)� �v(p� k)

1� �v(p+ k)v(p� k)
= ��i tan�. (33)

In Appendix B we prove that the above condition leads
to the same discrete spectrum in the even and in the odd
case

!±(p,�) = arccos
⇥
n

2 cos 2p+ ⌘±(p,�)
⇤
, (34)

⌘±(p,�) :=
m

2 sin 2p sinh 2!̃±

2 tan�(cosh2 !̃± � cos2 p)
,

!̃±(p,�) := arctanh


tan p

tan�

✓
1±

q
1 + tan2 �

◆�
.

FIG. 2: Discrete spectrum of the Hubbard QCA for � = 1.14.
!+ in red and !� in blue.
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Appendix A: Proof of Eq. (21)

We introduce the notation for the two particles mo-
menta and for the relative momentum

k = k

0 + ik̃,

k

0
1

= p+ k

0
k

0
2

= p� k

0
.

(A1)

with k

0 and k̃ both real. We remind that the energy is
given by !

sr

(p, k) = s!(p+ k) + r!(p� k) with � := sr

giving the parity of the solution: (� = ±1) in the even
and in the odd case respectively. We introduce also the
notation

!

1

= !(p+ k) := !

0
1

+ i!̃,

!

2

= !(p� k) := !

0
2

� �i!̃.

(A2)

where !

0
i

, i = 1, 2 and !̃ are reals.
Since we have cos!(p± k) = n cos(p± k), we find the

relation between the real and the imaginary parts of the
energy and momenta

cos!0
i

= n cos(k0
i

)
cosh k̃

cosh !̃
, i = 1, 2

sin!0
1

= n sin(k0
1

)
sinh k̃

sinh !̃
,

sin!0
2

= �n sin(k0
2

)
sinh k̃

sinh !̃
.

(A3)

From the above relations we find that, independently on
the parity �,

cos2(p± k

0)
cosh2 k̃

cosh2 !̃
+ sin2(p± k

0)
sinh2 k̃

sinh2 !̃
=

1

n

2

(A4)
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Thank you for your attention

This is more or less what I wanted to say
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