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1. | Universal quantum detectors

2. || Programmable quantum detectors

e | Goal: | establish the minimal set of resources in terms of:

1. special quantum states
2. special measurements
3. special unitary transformations
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Definition:

By an informationally complete measurement we can determine the expectation
value (O) of an arbitrary operator O of a quantum system just by using a

different data-processing for each O.

For an informationally complete POVM {Z=;} one must have

Z fi(O)Tr[p=;],

- fi(O) data-processing for O.
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Couple the quantum system (Hilbert space H) with an ancilla (Hilbert space K).

e A POVM {IL;}, IT; > 0 on H ® K is universal for the system iff there exists a
state of the ancilla v such that for any operator O on H one has

Tp0] = 3 £i(v. O)Tx((p @ V)L,

for a suitable | data-processing f;(v,O) | of the outcome 1.

- Relation with informationally complete POVM

Tp0] = 3 [ OVTlpE]).  Eiv] = Tl @ v)IL]

[D’Ariano, Perinotti and Sacchi, Europhys. Lett. 65 165 (2004)] [start]-[end]-[back]-[index] 4
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e Hilbert-Schmidt isomorphism: |¥)) € H ® K <= W operator from K to H

[T) =D Vumln) @ [m)

(A[B))

~—

U= Tpuln)(m].

Tr[A'B].
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e Hilbert-Schmidt isomorphism: |¥)) € H ® K <= W operator from K to H

[T) =D Vumln) @ [m)

(A[B))

~—

U= Tpuln)(m].

Tr[A'B].

e Multiplication rules (for fixed reference basis in the two Hilbert spaces):

(A® B)|C) = |AC BT,
A) =
UeUIHIY = |I), U"=@WH"

(A® D) = (I ® AN[I),
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Qwanwnt;.zf.ﬂggﬁgg Notation for entangled states

e Hilbert-Schmidt isomorphism: |¥)) € H ® K <= W operator from K to H

(T =D Tpm|n) @ [m) = U= Uu|n)(m|

(A|BY = Tr[A'B].

e Multiplication rules (for fixed reference basis in the two Hilbert spaces):

(A® B)|C) = |AC BT,
AY = (ADI)=TANIY, [I)= |n)®n),
UeUIHIY = |I), U"=@WH"

e Partial trace rules

Tre[|AN(B|] = AB',  Try[|A)(B|] = (B'A)7,
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e A sequence of operators {=;} is a frame for a Banach space of operators if there are constants
0 <a<b< +oos.t. for all operators A one has

al A" < D> HAE)|® < bllAJ%

J/

NV
Bessel series
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e Frames of operators

e A sequence of operators {=;} is a frame for a Banach space of operators if there are constants
0 <a<b< +oos.t. for all operators A one has

al A" < D> HAE)|® < bllAJ%

J/

NV
Bessel series

e Then, there exists a dual frame {©;} such that every operator A can be expanded as follows

A=) (6, A)E,.

Hilbert-Schmidt: (©;, A) = Tr[©!A].

e The sequence of operators {Z;} is a frame iff the following operator on H ® K is bounded and
invertible

F = Z =) (Z] - (frame operator)
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e The completeness relation of the frame also reads:

E = Z @;-f R =; E : swap operator on H ® K
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e The completeness relation of the frame also reads:

E = Z @,}L R =; E : swap operator on H ® K

e Alternate dual frames:
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e The completeness relation of the frame also reads:

E = Z @;r R =; E : swap operator on H ® K

e Alternate dual frames:

©,) = FEi) + |Yi) — Z<<Ej|F_1|Ei>>|Yj>> :

Y; arbitrary Bessel, and F'~*|Z;)) canonical dual frame.
e For exact frames there is only the canonical dual frame.

e Alternate duals are useful for optimization.
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o bt ‘ Universal quantum detectors I

Tr[pO] = Z fi(v, O)Tr[pEilv]],  Eilv] = Tra[(4 ®@ v)IL].

True independently of p iff

O =Y filv,0)Ei[v],
namely {Z;[v]} is a positive frame, and the dual frame provides the data-processing rule

fi(v,O) = Tr [@I[V]O] :

e The POVM {=,;[v]} is necessarily not orthogonal.
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o bt ‘ Universal quantum detectors I

Upon diagonalizing the POVM {II;} on H ® K

I = ey e,
j=1

one has

2ilv] = Z \Ifg.z)l/T\IJ;Z)T.
j=1

e It follows that {II;} is universal iff both {\Ifgz)} and {=;[v]} are operator frames.

[D’Ariano, Perinotti and Sacchi, Europhys. Lett. 65 165 (2004)] [start]-[end]-[back]-[index] 9
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Qg :
POVMon H®H: II;, = E|UZ>> {U;|, d=dim(H), a; > 0, U; unitary.

e Special case: {U;} UIR of some group G.

e | Example: | nice error basis {U,}
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e Special case: {U;} UIR of some group G.

e | Example: | nice error basis {U,}

e. g. projective UIR of abelian group: UaUgU;E = eic(o"ﬁ)Ug
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such that Tr[UIv™] # 0 for all a.
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Qg :
POVMon H®H: II;, = E'UZ» {U;|, d=dim(H), a; > 0, U; unitary.

Special case: {U;} UIR of some group G.

Example:

nice error basis {U, }

e. g. projective UIR of abelian group:

U, UgU! = el>Pyy

One can prove that the Bell POVM is necessarily orthogonal, and is universal for ancilla state v
such that Tr[UIv™] # 0 for all a.

Dual set (unique) for data-processing:

[D’Ariano, Perinotti and Sacchi, Europhys. Lett. 65 165 (2004)]
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e | Example: | UIR of non abelian group SU (d).

- Frame operator for E4[v] = U, v" U]

* T T T 1
F=[da(Uaeu) )| Ul eU) = P+ P,

d’—1
a = ,
dTr[(v7)?] — 1

P =3|I))(Il,

[D’Ariano, Perinotti and Sacchi, ed. by Moya-Cessa et.al (Rinton Press, 2003) pag. 86] [start]-[end]-[back]-[index] 11



Ui |
O@u&nwﬂ&s&;@%ﬁa’s Universal POVM'’s: the Bell SU(d) case

e | Example: | UIR of non abelian group SU (d).

- Frame operator for E4[v] = U, v" U]

* T T T 1
F=[da(Uaeu) )| Ul eU) = P+ P,

d’—1
a = ,
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{E,[v]} is a frame unless v = d 1.
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* T T T 1
F=[da(Uaeu) )| Ul eU) = P+ P,
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e | Example: | UIR of non abelian group SU (d).

- Frame operator for E4[v] = U, v" U]

* T T T 1
F=[da(Uaeu) )| Ul eU) = P+ P,

d’—1
a = ,
dTr[(v7)?] — 1

P =3|I))(Il,

{E,[v]} is a frame unless v = d 1.

e Canonical dual frame

Tr[(v7)?] — d
O] = als U +b1, ber)]1zd
dTr[(v7)?] — 1
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e Consider alternate dual frames of covariant form
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One must have
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e The canonical dual frame minimizes the variance averaged over all pure states.
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Oq“m""té.zf:;sfﬂgﬁas Universal POVM'’s: the Bell SU(d) case

e Consider alternate dual frames of covariant form

Oulv] = U.EU! .

One must have
Tr[é] =1, Tr[v'€]l =d.

e The canonical dual frame minimizes the variance averaged over all pure states.

e The optimal ancilla state v is pure.

e | Other examples: | SU(2) UIR's on H with dim(H) > 2, ...

[D’Ariano, Perinotti and Sacchi, ed. by Moya-Cessa et.al (Rinton Press, 2003) pag. 86] [start]-[end]-[back]-[index] 12
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s i Estimation of unitaries with multiple copies

—— U®N —— —— U®N+2 ————

e There is no need of entanglement assistance, since one can use entanglement
bewteen copies in the input state.

e Entanglement is internal between the irrep. space and the multiplicity space.

e Fidelity can be improved from FF~ N~ to F ~ N72.

[Chiribella, D’Ariano, Perinotti and Sacchi, (in preparation)] [start]-[end]-[back]-[index] 13
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- By taking dim(K) = L, one has the following orthogonal POVM for H ® K
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e ‘ Universal POVM'’s: the separable case I

For dim(K) > dim(H)? one can obtain "separable” universal POVM's.

e | Example: | observable operator frame on H

o) =3 alea®) (@], 1=1,2,...,L > dim(H)? .
k

- By taking dim(K) = L, one has the following orthogonal POVM for H ® K

Mep = lex(D)) (D] @ [, {[l)} ONB for K.

= tomography + ancillary quantum roulette.

e Data-processing function:

Tr[CT(1)O]
(wll)

fei(v, 0) = ce(l),  (lv|l) # 0 VL.

[G. M. D’Ariano, Phys. Lett. A 268 151 (2000)] [start]-[end]-[back]-[index] 14
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2. Methods for generating positive operator frames from complex operator frames.

3. Are there universal Bell POVM's based on unitary frames that are not a group
representations?

4. For H ~ K is any universal POVM Bell?

5. Is a Bell POVM always " better” than a separable one?

6. Is the canonical dual frame always "optimal”?

7. Is there always a pure ancillary state? Is it always "optimal”?

8. Weakly universal POVM's: the ancilla state v depends on the operator O to be
estimated.
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Which continuum sets of detectors can be achieved with a single
programmable detector having a finite-dimensional ancilla?
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Informationally complete measurements and universal detectors-[April 26 2004] [start]-[end]-[back]-[index] 16



0
QUi :
T ‘ Covariant measurements from Bell measurements I

e One fixed covariant Bell measurement

[G. M. D’Ariano, and P. Perinotti, unpublished] [start]-[end]-[back]-[index] 17



0
QUi :
T ‘ Covariant measurements from Bell measurements I

e One fixed covariant Bell measurement+ finite dimensional ancilla

[G. M. D’Ariano, and P. Perinotti, unpublished] [start]-[end]-[back]-[index] 17



0
QUi .
- ‘ Covariant measurements from Bell measurements I

e One fixed covariant Bell measurement+ finite dimensional ancilla

= all possible covariant POVM’s (finite-dimensional UIR of a group G).

[G. M. D’Ariano, and P. Perinotti, unpublished] [start]-[end]-[back]-[index] 17



0
QU1 .
- ‘ Covariant measurements from Bell measurements I

e One fixed covariant Bell measurement+ finite dimensional ancilla
= all possible covariant POVM’s (finite-dimensional UIR of a group G).
- The general form of a G-covariant Bell POVM

dBy=dg Uy ® In)[V){VIU; @ In) g€ G,

V e U(H), {U,} UIR of G on H and d g Haar invariant measure.

[G. M. D’Ariano, and P. Perinotti, unpublished] [start]-[end]-[back]-[index] 17



0
QU1 .
- ‘ Covariant measurements from Bell measurements I

e One fixed covariant Bell measurement+ finite dimensional ancilla
= all possible covariant POVM’s (finite-dimensional UIR of a group G).
- The general form of a G-covariant Bell POVM

dBy=dg Uy ® In)[V){VIU; @ In) g€ G,
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U(m,n) =Z"W", Z=> i), W=> |k(k®l], w=ed.
J k

e Unitary operator V' connecting the Bell observable with local observables
1

Vd

V(Im) ® [n)) = —=|U(m,n)).

e V is of the controlled-U form

V = Z 13) (| @ W".
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(non extremal POVM's are achieved by a random choice between different
indecomposable apparatuses)

e The observables are a special case of extremal POVM's, and they are all
connected each other by unitary transformations.

e Nonorthogonal extremal POVM's are generally not connected by unitary
transformations.
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4. It can be build up using a controlled-U.

m€d2)

Informationally complete measurements and universal detectors-[April 26 2004] [start]-[end]-[back]-[index] 22



]
OUi -
it Subject Index

INDEX

Universal quantum detectors: definition
Universal quantum detectors: info-complete
Notation for entangled states

Frames of operators

Frames of operators: duals

Universal quantum detectors: positive frames
Universal Bell POVM's: abelian

Universal Bell POVM's: SU (d)

Universal BELL POVM's: optimization

Estimation of unitaries with multiple copies
Universal POVM's: the separable case

Universal POVM's: open problems
Programmable detectors

Covariant measurements from Bell measurements
Bell measurement from local measurements
Approximate programmable detectors
Approximately programmable observables
Conclusions

Informationally complete measurements and universal detectors-[April 26 2004] [start]-[end]-[back]-[index] 23



