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Homodyne tomography—i. e. homodyning while scanning the local oscillator
phase—is now a well assessed method for “measuring” the quantum state. In
this paper I will show how it can be used as a kind of universal detection, for
measuring generic field operators, however at expense of some additional noise.
The general class of field operators that can be measured in this way is presented,
and includes also operators that are inaccessible to heterodyne detection. The
noise from tomographical homodyning is compared to that from heterodyning,
for those operators that can be rmeasured in both ways. It turns out that for
some operators homodyning is befter than heterodyning when the mean photon
number is sufficiently small. Finally, the robustness of the method to additive
phase-insensitive noise is analyzed. It is shown that just half photon of thermal
noise would spoil the measurement completely.

1. INTRODUCTION

Homodyne tomography is the only viable method currently known for determining
the detailed state of a quantum harmonic oscillator—a mode of the electromagnetic
field. The state measurement is achieved by repeating many homodyne measurements
at different phases ¢ with respect to the local oscillator (LO). The experimental work of
the group in Eugene-Oregon [1] undoubtedly established the feasibility of the method,
even though the earlier data analysis were based on a filtered procedure that affected
the results with systematic errors. Later, the theoretical group in Pavia-Italy presented
an exact reconstruction algorithm [2], which is the method currently adopted in actunal
experiments (see, for example, Refs. [3] and [4]). The reconstruction algorithm of
Ref. [2] was later greatly simplified [5], so that it was possible also to recognize the
feasibility of the method even for nonideal quantum efficiency n < 1 at the homodyne
detector, and, at the same time, establishing lower bounds for 5 for any given matrix
representation. After these first results, further theoretical progress has been made,
understanding the mechanisms that underly the generation of statistical errors [6], thus
himiting the sensitivity of the method. More recently, for n = 1 non trivial factorization
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formulas have been recognized [7,8] for the “pattern functions” (9] that are necessary
to reconstruct the photon statistics.

In this paper I will show how homodyne tomography can also be used as a method
for measuring generic field operators. In fact, due to statistical errors, the measured
matrix elements cannot be used to obtain expectations of field operators, and a different
algorithm for analyzing homodyne data is needed suited to the particular field operator
whose expectation one wants to estimate. Here, I will present an algorithm valid for any
operator that admits a normal ordered expansion, giving the general class of operators
that can be measured in this way, also as a function of the quantum efficiency 7.
Hence, frora the same bunch of homodyne experimental data, now one can obtain
not only the density matrix of the state, but also the expectation value of various
field operators, including some operators that are inaccessible to heterodyne detection.
However, the price to pay for such detection flexibility is that all measured quantities
will be affected by noise. But, if one compares this noise with that from heterodyning
(for those operators that can be measured in both ways), it turns out that for some
operators homodyning is less noisy than heterodyning, at least for small mean photon
numbers.

Finally, T will show that the method of homodyne tomography is quite robust to
sources of additive noise. Focusing attention on the most common situation in which
the noise is Gaussian and independent on the LO phase, I will show that this kind of
noise produces the same effect of nonunit quantum efficiency at detectors. Generalizing
the result of Ref. [5], I will give bounds for the overall rms noise level below which the
tomographical reconstruction is still possible. I will show that the smearing effect of half
photon of thermal noise in average is sufficient to completely spoil the measurement,
making the experimental errors growing up unbounded.

2. SHORT UP-TO-DATE REVIEW ON HOMODYNE TOMOGRAPHY

The homodyne tomography method is designed to obtain a general matrix element
(¢|6]w) in form of expectation of a function of the homodyne outcomes at different
phases with respect to the LO. In equations, one has

wiole = [ [arpizi) foulzi0) (1)

where p(z; ¢) denotes the probability distribution of the outcome z of the quadrature
By = 1 (a'e"“‘ + ae“"\f’) of the field mode with particle operators a and a' at phase ¢
with respect to the LO. Notice that it is sufficient to average only over ¢ € [0, 7], due
to the symmetry 4., = —&, One wants the function fy,(z;¢) bounded for all x,
whence every moment will be bounded for any possible (@ priori unknown) probability
distribution p(z;¢). Then, according to the central-limit theorem, one is guaranteed
that the integral in Eq. (1) can be sampled statistically over a sufficiently large set
of data, and the average values for different experiments will be Gaussian distributed,
allowing estimation of confidence intervals. If, on the other hand, the kernel fy.(z;¢)
turns out to be unbounded, then we will say that the matrix element cannot be measured
by homodyne tomography.

The easiest way to obtain the integral kernel fy (z; @) is starting from the operator
identity

L dﬂq > —aa+aal —aa' +@a
o= [ =2 Tr(geo")e (2)
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Equation (2) is nothing but the operator form of the Fourier-transform relation between
Wigner function and characteristic function: it can also be considered as an operator
form of the Moyal identity

[ MDD ) = (ki) (1)

The trace-average in Eq. (3) can be evaluated in terms of p(z, ¢), using the complete
set {|a);) of eigenvectors of £4, and exchanging the integrals over  and k. One obtains

* dd t =0
@=/ﬂ %’/q dr plz; o) K (z — £y) (3)

where the integral kernel K(z) is given by

| 1 1
G i et ety = i el | £l e T
Elz)=pl o= 10 sl i (6)

P denoting the Cauchy principal value. Taking matrix elements of both sides of Eq. (5)
between vectors ¥ and i, we obtain the sampling formula we were looking for, namely

™ +260
wiate) = 2 [ az (o)l (e —2o)le). (7)
Hence, the matrix element (1|4]) is obtained by averaging the function Foolz @) =
(V| K (z — &4)|p) over homodyne data at different phases ¢. As we will see soon,
despite K(z) is unbounded, for particular vectors ¢ and  in the Hilbert space the
matrix element {|K(z ~ &,)|¢) is bounded, and thus the integral (7) can be sampled
experimentally.

Before analyzing specific matrix representations, I recall how the sampling formula
(7) can be generalized to the case of nonunit quantum efficiency. Low efhiciency homo-
dyne detection simply produces a probability p,(z;¢) that is a Gaussian convolution
of the ideal probability plz; @) for n = 1 (see. for example, Ref. [10]). In terms of the
generating functions of the & ,-moments one has

T ikz 1= M i ik \
j dz pylr; @)e™ =exp| — e k f drp(z; ¢)e™ . (8)

m ] it

Upon substituting Eq. (8) into Eq. (3}, and by following the same lines that lead us to
Eq. (5), one obtains the operator identity

3 *dg o : .
o= [ =2 [ depylx6)Kylz — &), (9)
where now the kernel reads
i) R [W’ Bk egp | S Do 3 (10
) = e LA 2XE i o i
! 2 Jo P 87 i )

The desired sarapling formula for (1|6} is obtained again as in Eq. (7), by taking
matrix elements of both sides of Eq. {10). Notice that now the kernel K, (2) is not even
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a tempered distribution: however, as we will see immediately, the matrix elements of
K,(z — 24) are bounded for some representations, depending on the value of 7. The
matrix elements (9| K,{(z — &4)|¢) are boundled if the following inequality is satisfied
for all phases ¢ € [0, 7]

1

n > m ) (11)
where £?(¢) is the harmonic mean
i 1 1
SRR O -
and £2(¢) is the “resolution” of the vector [v) in the &4-representation, namely:
o
el exp | -5 (13)

In Bq. (13) the symbol = stands for the leading term as a function of z, and lz)e =
€'®'%?|) denote eigen-ket of the quadrature &4 for eigenvalue z. Upon maximizing Eq.
(11) with respect to ¢ one obtains the bound

1 "
LR e’ = q)gki;l]f}rl{fz(fi’}}- (14)
One can easily see that the bound is 7 > 1/2 for both number-state and coherent-state
representations, whereas it is n > (1 + s?)~" > 1/2 for squeezed-state representations
with minimum squeezing factor s < 1. On the other hand, for the quadrature represen-
tation one has 7 > 1, which means that this matrix representation cannot be measured.
The value n = 1/2 is actually an absolute bound for all representations satisfying the
“Heisenberg relation” e(¢)e(¢ + §) > ;3 with the equal sign, which include all known
representations (for a discussion on the existence of exotic representations see Ref. [11]).
Here, | want to emphasize that the existence of such a lower bound for quantum effi-
ciency is actually of fundamental relevance, as it prevents measuring the wave function
of a single system using schemes of weak repeated indirect measurements on the same
system {12].
At the end of this section, from Ref [5] I report for completeness the kernel (n|K(z—
i4)|m) for matrix elements between number eigenstates. One has

— T il ol 2 TI—T-# it

(n|Kp(z — &g)n+d) =e 2k \/?11_4-“5!}!6 (15)
. 3 ol E + d & . )

X HZ‘-‘:: %— (n 2 If) {2!/' +d + 1)1“‘,? Re {(——1,)"‘D_t2u+d+2]{——21£’£}} :

where k = \/1—;/(‘27; — 1), and D,(z) denotes the parabolic cylinder function. For n =1
the kernel factorizes as follows 7, 8]

(n|K(z — &g)|n + d) = =
e B [2x1un(2)nra(z) — VR + Lluppi(@)vgale) — VM + Taa(x)vnpas1(2)]

where u,(x) and v,(x) are the regular and irregular energy eigen-functions of the har-
monic oscillator

(16)

ui(z) = —m(s- %’Jj (%)l'qu"’z, i
ulz) = 71,; (;: - %‘)} iyt E el EPASaEE,
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3. MEASURING GENERIC FIELD OPERATORS

Homodyne tomography provides the maximum achievable information on the quan-
tum state, and, in principle, the knowledge of the density matrix should allow one to
calculate the expectation value (O) = Tr[Og] of any observable 0. However, this is
generally true only when one has an analytic knowledge of the density matrix, but it is
not true when the matrix has been obtained experimentally. In fact, the Hilbert space
is actually infinite dimensional, whereas experimentally one can achieve only a finite
matrix, each element being affected by an experimental error. Notice that, even though
the method allows one to extract any matrix element in the Hilbert space from the
same bunch of experimental data, however, it is the way in which errors converge in
the Hilbert space that determines the actual possibility of estimating the trace Te[0d).
To make things more concrete, let us fix the case of the number representation, and
suppose we want to estimate the average photon number (aTa). In Ref. [13] it has been
shown that for nonunit quantum efficiency the statistical error for the diagonal matrix
element (n|p|n) diverges faster than exponentially versus n, whereas for = 1 the error
saturates for large n to the universal value £, = -‘/ﬁ that depends only on the num-
ber N of experimental data, but is independent on both n and on the quantum state.
Even for the unrealistic case 7 = 1, one can see immediately that the estimated ex-
pectation value (aTa} = 8- np,, based on the measured matrix elements gnn, i not
guaranteed to converge versus the truncated-space dimension H, because the error on
Own is nonvanishing versus n. Clearly in this way T am not proving that the expectation
(a.ta} is unobtainable from homodyne data, because matrix errors convergence depends
on the chosen representation basis, whence the ineffectiveness of the method may rely
in the data processing, more than in the actual information contained in the bunch
of experimental data. Therefore, the question is: is it possible to estimate a generic
expectation value (O) directly from homodyne data, without using the measured den-
sity matrix? As we will see soon, the answer is positive in most cases of interest, and
the procedure for estimating the expectation (O} will be referred to as homodyning the
observable O,

By homodyning the observable O 1 mean averaging an appropriate kernel function
R[é}(rz; ¢) (independent on the state g) over the experimental homodyne data, achiev-
ing in this way the expeciation value of the observable (O) for every staie g. Hence,
the kernel function R[O](x; ¢) is defined through the identity

(O) = L ?fm dz plz: S)RIO)(z: 0). (18)

From the definition of R[O}(z;¢) in Eq. (18), and from Egs. (2) and (3)—which
generally hold true for any Hilbert-Schmidt operator in place of g—one obtains

0= LW C_?i f_:o dr R[O](;E;!b)[::%“ﬂ 1 (19)

with the kernel R[0](z; ¢) given by
R|O)(z; ¢) = TH[OK (2 - #4)] , (20)
and K(z) given in Eq. (6). The validity of Eq. (20}, however, is limited only to the

case of a Hilbert-Schmidt operator O, otherwise it is ill defined. Nevertheless, one can
obtain the explicit form of the kernel R|O](z; ¢) in a different way. Starting from the
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identity involving trilinear products of Hermite polynomials [14]

3 25 p i klmIn!
T (8= E)M(s = m)i(s=n)"’ (21)
for kB + m +n = 28 even ,

132 dze=" Hi(z) Hp(x) Ho(2)

Richter proved the following nontrivial formula for the expectation value of the normally
ordered field operators [15]

e pr ; Mm \//_.L
(al*amy = [T [™ o g, g)eimmpp Snen 0] (22)
0 T = o v, 2'11—1!’3 (ﬂ‘-m)

which corresponds to the kernel

: (mn)p Haem{V21)
R ﬂ.iuarn (m; E') = E:.[m ﬂ)@\L‘ .
[ ] \/L)rl—+m(ﬂ*m)

T

(23)

This result can be easily extended to the case of nonunit gquantum efficiency n < 1, as

the normally ordered expectation n\aT” ™) just gets an extra factor r;zt" tm} Therefore,
one has

Hﬂ.-rm{ V‘JTEI:}

Jenr=()

where the kernel R,[0](z;¢) is defined as in Eq. (18), but with the experimental
probability distribution p,(z;¢). From Eq. (24) by linearity on can obtain the kernel

Rylal"a™|(z: ) = om0

(24)

'R,T[f]{:c; ¢) for any operator function f that has normal ordered expansion

f=flaa)y= 3 fiatram. (25)

am=0

From Eq. (24) one obtains

o | o _{l‘_{ JIIE fﬂJ i{rn n i I
Rq{f](z;qb) = Z z forae ntmilé, fm s (26)
5:0 . nm =i
= H,(V2z)* d° S
=Z";:—}?‘,}Jg)z ii| P9, (27)
2=0 .o =
where
)
[ o n n+m n+m ifm—n ‘
Ao = & ("4} (inmetnooe, (28)
nm=[0
Continuing from Eq. (27) one obtains
n : 1 2ir d° ;g :
Rolflim o) = exo 505+ T2t ) | i), (20)
and finally
- e dw cild o s ;
Rolfl(ms0) = [T —se A fl(w + 2ie/ i 6). (30)
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if the function F[f](v; ¢) in Eq. (28) grows slower than exp(—nv?/2) for v — oo, and
the integral in Eq. (30) grows at most exponentially for £ — o0 (assuming p(z; @) goes
to zero faster than exponentially at @ — oco).

In Table 1 I report the kernel R,|O)(z; ¢) for some operators 0. One can see
that for the raising operator €, the kernel diverges at n = 1/2%, namely it can be
measured only for n > 1/2. The operator W, in the same table gives the generalized
Wigner function W,(a, @) for ordering parameter s through the identity W,(a, &) =
ﬂ[b[a)@.i)*(ajw,}. From the expression of R, |[W.)(z; ¢) it follows that by homodyning
with quantum efficiency 7 one can measure the generalized Wigner function only for
s < 1 —n~': in particular, as already noticed in Refs. (5], the usual Wigner function
for ¢ = 0 cannot be measured for any quantum efficiency lin fact one would have

Ry [I}t[o}ﬁfgﬁ(a]l(m ¢) = K[z — Re(ae™*?)), with K(z) unbounded as given in Eq.
(6)).
Table 1. Kernel R.n[@]{x; #), as defined in Eq. (18), for some operators 0. [The symbol

®(a,b;z) denotes the customary confluent hypergeometric function ]

[ o0 1T ROz |

(1) atngm (o Haem(V22)
| varen(r)
[:'2)_ a 2e'¥
(3) a? - eﬁ;‘f‘_(_érg ~1) 8
(4) ada 2 222 — 1
[E E EERE
exp[—:fﬁ{ae“‘(’}z B Ee'd’]
(6) | : Dl(a) 1= e-eelee 15 26 o9
+exp[ E‘;(ae“‘*}z = f;;_?ne i
. 14 Zet¥
{ . 1 . —u? 3 2
r t e by 2ze " —= f dv - ? e (21 = —$--1) ;
(7) €y =a! —p— | V2T Jow (1 ~|=zz) 2'1 + 2
V‘-}'ﬂ?ﬂ ¥ E.‘_"' —1
.. _ e
| i 2 jyela | e i e
B) | W, =~ Ll | f dt - 08 | 2 |
sk o A0 0 g 0 ey
| (9) |n 4+ d){n] (n|K(z — #4)|n +d) in Bgs. (15) and (16)

3.1, COMPARISON BETWEEN HOMODYNE TOMOGRAPHY AND HETERO-
DYNING

We have seen that from the same bunch of homodyne tomography data, not only one

can recover the density matrix of the field, but also one can measure any field observable
f= _f(a,ai) having normal ordered expansion e f"'}[a,a*) == SeE ,g:fa?“a."‘ and
bounded integral in Eq. (30)—this holds true in varticular for any polynomial function
of the annihilation and creation operators. This situation can be compared with the
case of heterodyne detection, where again one measures general field observables, but

admitting anti-normal ordered expansion f= o, aT) 3 B (“7a.maT", in which

nm=0 Jnm
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case the expectation value is obtained through the heterodyne average

()= [ L2 )0, @) (aldla) (31)

For 1) = 1 the heterodyne probability is just the Q-function Q(«, &) = ={a|d|a), whereas
for 7 = 1 it will be Gaussian convoluted. As shown by Baltin [16], generally the
anti-normal expansion either is not defined, or is not consistent on the Fock basis,
namely fl{a, uf}|n.} has infinite norm or is different from f(a, uT}|n} for some n > 0.
In particular, let us focus attention on functions of the number operator f(aTa.) =
Tl r.';(afa)’, firi(ata) = ST cE"’aT*a’, flat(ala) = Z}’?__Dcf“}aint'. Baltin has shown
that [16]

gl ifmd,\gu}(.e*“—1)': o )

T s el T
e o (k= 1)
=5 [ drxePgnt - e = P o B2)
+oc o y
gA) = [ = fe

From Egs. (32) one can see that the normal ordered expansicn is always well defined,
whereas the anti-normal ordering needs extending the domain of f to negative integers.
However, even though the anti-normal expansion is defined, this does not mean that
the expectation of f{aTa) can be obtained through heterodyning, because the integral
in Eq. (31) may not exist. Actually, this is the case when the anti-normal expansion
is not consistent on the Fock basis, In fact, for the exponential function f(a'{a) =
exp(—gata} one has fl(|a|®) = e* expi{{1 — e*)|a|?’]; on the Fock basis f{“}'(aTaHn)
is a binomial expansion with finite convergence radius, and this gives the consistency
condition |1 — e#| < 1. However, one can take the analytic continuation corresponding
for 1 — e* < 1, which coincides with the condition that the integral in Eq. (31) exists
for any state g (the Q-function vanishes as exp(—|a|®) for o — oc, at least for states
with limited photon number). This argument can be extended by Fourier transform to
more general functions f{aiuL leading to the conclusion that there are field operators
that cannot be heterodyne-measured, even though they have well defined anti-normal
expansion, but the expansion is not consistent on the Fock basis. As two examples, I
consider the fizld operators é_ and W, in Table 1. According to Eqs. (32) it follows
that the operator é, does not admit an anti-normal expansion, whence it cannot be
heterodyne detected. This is in agreement with the fact that according to Table 1 we
can homodyne é, only for n > 1/2, and heterodyning is equivalent to homodyning
with effective quantum efficiency n = 1/2 (which corresponds to the 3 dB noise due
to the joint measurement [17]). The case of the operator W, is different. It admits

both normal-ordered and anti-normal-ordered forms: W, = ﬁ : exp (—E;aTa) 1=
_rr{Terﬁ . exp (ﬁ:ata) 14, where : ... : denotes normal ordering and : ... ;4 anti-

normal. However, the consistency condition for anti-normnal ordering is 2/(s + 1) < 1,
with s < 1, which implies that one can heterodyne W, for s > —1, again in agreement
with the value of 5 achievable by homodyne tomography at n = 1/2.

Now I briefly analyze the additional noise from homodyning field operators, and
compare them with the heterodyne noise. For a complex random variable z = u + v
the noise is given by the eigenvalues N'*) = [z|? — [Z]? & |22 — 72| of the covariance
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matrix. When homodyning the field, the random variable is z = 2e'x [18] and the
average over-line denotes the double integral over z and ¢ in Eq. (18). From Table (1)

one has Z = {a), z¥ = (a?), [z[2 = Q(ata) +1, e% = 0 [19]. In this way one finds that the
noise from homodyning the field is N3 la] = 1+ 2ata) — |{a)|? + |(a?) ~ {a)?]. On the
other hand, when heterodyning, z becomes the heterodyne output photocurrent, whence
7 = (a), 22 = {a?), [z2 = (ata)+1, and one has N}y 5'[a] = 1+(ala)~ () P£[(e?) —(a)?),
so that the tomographical noise is larger than the heterodyne noise by a term equal to
the average photon number, 1. e,

NiEHa) = Nizfa) + (ala) . (33)
Therefore, homodyning the field is always more noisy than heterodyning it. On the
other hand, for other field observables it may happen that homodyne tomography is less
noisy than heterodyne detection. For example, one can easily evaluate the noise Neom[f]
when homodyning the photon number n = ala. The random variable corresponding
to the photon number is v(z) = (|z|* ~ 1) = 227 — 3, and from Table 1 we see that
the noise Niom[ft] = Av?(z) can be written as Nyon[ft] = (AR%) 4+ (2% + 1 + 1) [13].
When heterodyning the field, the random variable corresponding to the photon number

is v(z) = |z|> — 1, and from the relation {z{* = (aT?a?) one obtains Ny [i] = Av3(z) =
{AA?Y + (A + 1}, namely

1 s
Niom|] = Npar|R] + E(ﬁ‘ —n—1). (34)

We thus conclude that homodyning the photon number is less noisy than heterodyning
it for sufficiently low mean photon number (7} < 3(1 + V5).

4. HOMODYNE TOMOGRAPHY IN PRESENCE OF ADDITIVE
PHASE-INSENSITIVE NOISE

In this section I consider the case of additive Gaussian noise, in the typical situation
in which the noise is phase-insensitive. This kind of noise is deseribed by a density
matrix evolved by the master equation

8,6(t) =2 |ALla"] + BLld]| 4lt) . (35)

where L[¢] denotes the Lindblad super-operator Llc]g = égé' — 3[é'é, g],. Due to the
phase invariance L[ae™™®] = Lla] the dynamical evolution does not depend on the
phase, and the noise is phase insensitive. From the evolution of the averaged field
{a) o = Trlad(t)] = gla)in = Trlap(0)] with g = exp[(A — B)t|, we can see that for
A > B Eq. (35) describes phase-insensitive amplification with field-gain g, whereas for
B > A it describes phase-insensitive attenuation, with g < 1. Concretely, for 4 > B Eq.
(35) models unsaturated parametric amplification with thermal idler [average photon
number m = B /(A4 — B)|, or unsaturated laser action [4 and B proportional to atomic
populations on the upper and lower lasing levels respectively|. For B > A4, on the other
hand, the same equation describes a field mode damped toward the thermal distribution
[inverse photon lifetime I' = 2(B —~ A}, equilibrium photon number m = A/(B - A)],
or a loss g < 1 along an optical fiber or at a beam-splitter, or even due to frequency
conversion [20]. The borderline case 4 = B leaves the average field invariant, but

introduces noise that changes the average photon number as (aTa}w, = (aTG,)in + 1,



L

where i = 2A¢. In this case the solution of Eq. (35) can be cast into the simple form

ot = [ LB exp (i1 /m) D(B)AO)DT(H). (36)

This is the Gaussian displacement noise studied in Refs. (21,22] and commonly referred
to as “thermal noise” [regarding the misuse of this terminology, see Ref. [22]], which
can be used to model many kinds of undesired environmental effects, typically due to
linear interactions with random classical fluctuating fields.

Eq. (35) has the following simple Fokker-Planck differential representation [23] in
terms of the generalized Wigner function W,(a, @) for ordering parameter s

AW, (a5t} = | QBax + 056) + 2D, | Wil &) (37)

where @ = B — A and 2D, = A+ B + s(4 ~ B). For nonunit quantum efficiency 7 and
after a noise-diffusion time ¢ the homodyne probability distribution p,(z;¢;t) can be
evaluated as the marginal distribution of the Wigner function for ordering parameter
s =1-n"" namely

(@oit) = [ dyWi (2 +iy)e® (@~ iy)e e (38)
—00
The solution of Eq. (37) is the Gaussian convelution [23]

2 _ a2 .
Wit = [ Lo |- wip fo), = F0-e™, 09)

and using Eq. (38) one obtains the homodyne probability distribution

(I’ T 9“1$)2 '
Po(; 1) = €2 f e EX] [——‘— Palz’i ¢) - 40)
; \/én:x? i 7O (
where &2 ‘362 q-1- 1t is easy to see that the generating function of the &4-moments

with the experlmental probability p,(z;¢;t) can be written in term of the probability
distribution p(z; @) for perfect homodyning as follows

4o

drp,i(c ¢ t)e™ = exp (-—592;_\. B2 s Sn?r g°k* ) f dz p(x; p)e'* | (41)
Eq. (41) has the same form of Eq. (8), but with the Fourier variable k multiplied by g
and with an overall effective quantum efficiency n, given by

= . S 24
ﬂ.'=n‘+4&§=92ﬁ‘+3 (.~;r ~1). (42)

O the other hand, following the same lines that lead us to Eq. (9), we obtain the
operator identity

T e
0) :fu %ﬁ f-m dz py.(z; 61 t) Ko (972 — £4) (43)

Li=-*
I

which also means that when homodyning the operator O one should use R, (¢~ x; ¢) in
place of R,(z; ¢), namely, more generally, one needs to re-scale the homodyne outcomes
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by the gain and use the effective quantum efficiency 7. in Eq. (42). In terms of the
gain g and of the input-output photon numbers, the effective quantum efficiency reads

et =+ g7 (2(a o + 17"y~ (2faT @) +77Y) (44)
In the case of pure displacement Gaussian noise (A = B), Eq. (44) becomes
el =0+ 20, (45)

which means that the bound 5, > 1/2 is surpassed already for 7 > 1: in other worlds, it
is just sufficient to have half photon of thermal noise to completely spoil the tomographic
reconstruction,
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