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Economical phase-covariant cloning of qudits
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We derive the optimaN— M phase-covariant quantum cloning for equatorial states in dimersigith
M=kd+N, k integer. The cloning maps are optimal for both global and single-qudit fidelity. The map is
achieved by an “economical” cloning machine, which works without ancilla.
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I. INTRODUCTION formalization of the concept of “economical maps” by means
. _ ) _ of the Stinespring representation theorem for completely
In quantum information, the study of optimal cloning ma- qjiive maps. In Sec. IV, we explicitly find the optimal 1
chines is a focus of interest since, by definition, cloning is_ w1 cioner for both single-qudit fidelity and global fideli-
synonymous with multiplexing quantum information, which yieq | Sec. v, we generalize all previous results to the case

has limitations in principle by the no-cloning theoréM2]. N\ section VI concludes the paper with a comparison of
In the large variety of proposals for optimal cloners, the fi-fjelities in the various cases.

delity of the machine depends on the choice of input states,
with the machine often working in a covariant way, produc-
ing “rotated” clones from rotated inputs. In particular, the Il. PHASE-COVARIANT CLONING

case of SWd) covariance corresponds to universal cloning We want to derive the optimdl— M cloning transforma-

[3-5], with equal fidelity for all unitarily connected states, yjoq ¢ that are covariant under the group of rotations of all
e.g., for all pure states. Clearly, by taking a smaller input Selhed-1 independent phaség}, ¢ €[0,2m)
of states, the cloning performance can be improved, e.g., for I T

smaller covariance groups. Also in connection with the d-1
eavesdropping strategies in BB84 quantum cryptografhy U{e)) = |0)(0| + > iY|e, 2
the phase-covariant cloning of equatorial states has been ex- j=1

tensively studied for qubitg7,8], and more generally qudits
[9], the latter also with the motivation of understandingWhere {|0),|1),

2)--|d-1)} represents a basis for the

which features are peculiar to dimension 2. d-dimensional Hilbert spacé{ of the system of a single
In this paper, we will consider multiphase covariant clon-copy. We will restrict the study of such maps to the set of the
ing transformations on “equatorial” states, N-fold tensor product of generalized equatorial pure states

Uehlvo = [i{ ), 3

with [4({¢#})) given in Eq.(1). Here|yy) is the equatorial
(1)  superposition

W) = «ia“» + 1)+ @%[2) 4o+ dald - 1)),

where theg;'s are independent phases in the intef\@gl2a). o) = d™Y2> i) (4)
An issue which recently has attracted interest in the literature i

is the possibility of achieving the cloning without the need of . . - . .
an ancilla—a so-called “economical’ clonifd1]. As we The .ch0|ce¢o=0 is not restrictive, since an overall phase is
will see in the following, the multiphase covariant cloning N€9ligible.

machines are indeed economical fdr=kd+N output cop- AS argued in _Ref.[8], we consider cloning maps for
ies, k integer. which theN-copy input state and tHé-copy output state are

; Y
The paper is organized as follows. In Sec. Il, after intro-POth su.pported on the symmetric subspﬁ%‘ f”md M
ducing the notations and the basic definitions taken fronf€SPectively. We choose an orthonormal basis in the symmet-

Refs.[8,10], we describe the general approach to covarianfiC subspace of the form

cloning maps of Ref[12], and apply it to the case of ad [{ndy = |ng.npang, ...ong ;)
— M phase-covariant cloner. In Sec. lll, we give a brief :
— (V) R -
= \W{Zﬂ} PM00..011...1---d=1...d-1)
Ry ny oy (5)
*Electronic address: buscemi@fisicavolta.unipv.it
"Electronic address: dariano@unipv.it whereP(WN) denotes the permutation operatorMiqubits, ng
*Electronic address: chiara@unipv.it is the number of qudits in staté), n, in state|1), and so on,
SURL: http://www.qubit.it/ with the constraintE?:‘Olni:N for the input state, and,
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i { } ’ A ! A
analqgously, for the output state. In the whole paper we willg - D r{?} {n”}Hmj} + DM+ {7 @ [ hdn?y.
consistently use the lettersfor input andm for output. The gy
covariance condition for the cloning transformati©munder e
the group of multiphase rotations reads (14)

In the following, in order to evaluate the optimality of the
N Ny T N7 — M Ny 1T M
CLUE AN p U () 1= U({ DM C(p MU ({ i H) M. map, we will use as figures of merit the single-qudit fidelity

(6)

_ _ - Tr([oX(ol © TV @ |tho) ol MR (15
As proven in Ref[12], the covariance condition can be con-
veniently studied in terms of the positive operator " and the global fidelity

HN,
Tr (|l “M™MR]. (16)

R= (C ® (1)), (7) _ - _
Notice that in deriving the last two equations, we used the
where7 is the identity map andll)) is the non-normalized covariance propert{8) of the input states, the reconstruction

maximally entangled vector it ¥Ne HEN, formula (9), the commutation propertgll), and the cyclic
invariance of the trace. Since each single contribution to the

1)y =2 [inh) @ {n}). (8)  single-qudit fidelity(15) and to the global fidelity(16) is

{ni} positive versus the indice#/} and{n}, as we will show in

the following [see Eqs(36), (37), and(46)] [13], the block

The correspondenc€ «— R between completel ositive o - .
P - pietely p &jmj} must have positive element%mJ =0, with the off-
{m;}

maps and positive operators one-to-one, and can be invert ny i’}

as follows: diagonal ones as large as possible, i.er.{,n_,}{n(,}
_ T .

= 2 o,k ., [14]. This is equivalent to say that the
[Am B A Ang}

blbcks cohstituting the operat&are actually rank-1 blocks,

where O denotes the transposition of the opera®mwith namely

respect to the orthonormal basis in E§). Notice that for

the state|yo) of Eq. (4) one has(|go)(to|*™)"=|¢o) (ol *N Rim & [Fm ) (17)

since|y), by construction, has all real coefficients with re- : e

spect to the basis in EB). The trace-preservation condition with

C(0) = Tryen[(Iyem ® ONRY, (9

for C reads
Tryem[R] = Lygon. (10) IFimy) = {2} riveHm + i) ® [{nd), (18)
Following Ref.[12], the covariance propert{) rewrites  and, separately imposing conditiq0) over every block
as a commutation relation [15], TrH§M[|r{mj}>(r{mj}|]:L@N, we get the final form foR,
[RU({gH*M @ U'({p "M =0, (11

R:{?}p{mj}|r{mj}><r{mj}|,
where the complex conjugated” of U is defined as the :
operator having as matrix elements the complex-conjugated
matrix elements ofJ with respect to the same orthonormal V) = > Km}+{nd) @ [{n}), (19
basis in Eq.(8). Equation(11) in turn implies by Schur {m}

Lemma a block-form folR, L
where Pmy are free parameters sat|sfy|rg{mj}>0 and

R= @ Ry, (12) Ep{mj}:l in order to preserve normalization and positivity of
{m} R. This means thaR is a convex combination of orthogonal
rank-1 blocks.
In Sec. IV and V, we will explicitly optimize the map
starting from theR operator in Eq(19).

where each set of valugsn} identifies a unique class of
equivalent irreducible representations oU({¢j})®M
®U ({¢)®N. The equivalent representations within each

class can be conveniently written as
I1l. ECONOMICAL MAPS

{mo + g,y + 1y, My + o Mgy + M) Let M be a completely positive, trace-preserving map
[No,Ny, Ny, ... 1nd—1>}{ni}a (13 from states orf{ to states orkC. The Stinespring representa-
tion theorem[16] says that for every completely positive
with =N andE?;&mj:M —N. The multi-index{n;} runs  trace-preserving map, it is possible to find an auxiliary quan-
over all orthonormal vectors of the basis 6N used in Eq.  tum system with Hilbert spacé and an isometry from
(8). With this notation, Eq(12) becomes to K® L, VIV=1,, such that
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M(p) = TrL[VPVT]- (20) R= {$}p{mj}|r{mj}><r{mj}|a
mj
Starting from Eq.(20), it is always possible to construct a
unitary interactionJ realizing M [17,18], |r{mj}> = Mo, my,...m+1,..) i), (27
i
M(p) =Tr[U(p @ [a)a)u™], (21)

with =; m=M -1, whence the form of the summands,
where|a) is a fixed pure state of secondauxiliary quantum TM-1
system, say’’, such that{ ® £'=K ® £. The Hilbert spaces Tr(uoX ol © 17 @ [go)(woDImo + 1 my,m.... Myy)
L and L’ are generally different, and actually play different X{mg,my + 1,my, ...,my_4| ® [0)(1|]

physical roles.

We define a trace-preserving completely positive mdp = %M
to beeconomicalf and only if it admits a unitary fornU as dmp!my!- - -mg-y!
+)Imy! - myq! mpl(my + D! - omy,!
Mip)=Ulp @ fa)aDU, 22 ot DI !+ D
namely, if and only if the map can be physically realized [
without discarding resources. We can simply prove that the = I\/l—dz\f‘(mo+ D(my+1). (28)
only maps admitting an economical unitary implementation
U as in Eq.(22) are precisely those for which The final contribution to the partial fidelity due to the set of

equivalent representations labeled{by} is

M(p) =VpV' 23
(b} =Vp (29 Fimy = T (o) (ol @ 1M @ |l/fo><l//0|)R{mj}]

for an isometryV, VIV=1. In fact,U(l;,®|a)) is an isometry D 1

from H to K® L, since(1;,®(a))UTU(1, ®|a))=1,. On the = igﬁ d+ =2 Vim+1)(m+1) |. (29
other hand, from Eq(23) via Gram-Schmidt theory one can d Mizk

extend any isometry from H to K ® L to a unitaryU on the
same output space, and write it in the forU(1;,® |a)) delity is the one 'that maximizes the quantity

fqr unit _vector|a)e£r, with _H@Lr:}C@_ﬁ_ For a detailed Ei¢k\,/7(m+1)(mk+ 1), with the constraintEf’;lmi:M 1. In
discussion about the explicit construction procedures, se

The projector]rm){rmy| that contributes most to the fi-

Ref. [18]. € case

Allowing classical resources “for free,” a map should be M=dk+1, keEN, (30)
defined as economical also in the case in which it admits a L ) ) )
random-economicalealization as the optimization gives the simple resutt=k for all i. The

1— (kd+1) optimal phase-covariant cloning machine is then
completely described by the rank-1 positive operalor
=|rggXrgel- The Kraus form of the optimal map is then re-
constructed as

Clp) = Try[(Iyom © p"R]=VpV', (31)

M(p) =2 pUi(p ® laxal) U], (24)

wherep,=0, 2;p;=1. Using the same fixed ancilla std&
for all indeced is not a loss of generality, since in construct-
ing the operatord);’s there is always freedom in the choice whereV:H —HEM is the isometry, i.e.V'V=1, defined as
of the vector|a). According to this more general definition, 5 5ws: " Y '

all economical maps can always be written as a randomiza-

tion of Eq. (23), Viiy=|my=km =k,....mp=k+1,...). (32

: The fact that the Kraus operator describing the map is
M(p) = 2 inipViT' (25) isometrical—a consequence Rfbeing rank 1-automatically
' guarantees that no additionancillae (other than theM -1
blank statesare needed in order to unitarily realize the clon-
ing transformatiorC.

From Eq.(29), one obtains the single-qudit fidelity of our
The fidelity of the reduced output state multi-phase-covariant economical cloning machine from one

Tra-{Cll D) $ D[} with respect to the input state © M=kd+1 copies,
l{ )X {4} is given by

T (o) (tol © 1M @ [YoX )R] (26)

IV. OPTIMAL1 —M CLONING

(d-1)(M+d-1)
Md? '

1
FelM=kd+1)=2+ (33

Notice that the above result, in the linlit — oo, is consistent
In the case of > M cloning, theR operator in Eq(19) has  with the fidelity of optimal phase estimation on a single qudit
the following structure: as worked out in Ref.10].
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An important remark that remains to be stressed is that the V. OPTIMAL N—M CLONING
value of{m;} maximizing the single-qudit fidelity29) maxi- In the general case of arbitrary values férand M, the
m|ZeS the tOta| f|del|ty as We” In faCt the tOta| f|de||ty Of the S|ng|e qud|t f|de||ty is obtained by Summ|ng up Cont“buuons
{my}th block is given by of the form
s S Tr| o) (ol @ 1°™MY @ [eho)( o] *N{my} + {n/ Hfmy} +{nf'}|
L, T Bom+1,.. , "
o because of the block-forni19) of the R operator. Before
X(oomp+ 1, @ fi] getting into the explicit calculation for the partial fidelity, it
is possible to somehow simplify the problem by noticing that
+ . eM-1) i
= > ™MD+ 1,2 the presence ofip)(i ®1 in Eqg. (35 restricts the

evaluation of the fidelity to those blocks for which the
M-particles states diffeat mostfor a single-particle state.
The diagonal contributions tE{m} (as before, the single-

Pgm, M!
= diﬂn}}lE o Am s DI gudit fidelity calculated only for thémj}th block) are then
T mot--(my+ 1)! proportional to(apart from the probab|I|t3p{mJ})
Pl M Tl o)X ol ® 1°™MY @ [yho) (| *M....m+ i +1,..0¢.., m
_LE( ) (39 0t L] @ L+ L) n+ 1]
1 g mo+ 1 n+1,.. a1+ 1
_1 N! 1(mp+ng)!---(m+n+ 1t
where, in the last line, we used the standard notation for ~ N ng!--+(n;+ H!---d M!
multinomial coefficients with the implicit constraints;m, M
=M-1. In order to maximize the value of the multinomial X y
coefficient, the vectofm;} has to be as “flat” as possible, (Mg +ng)!--+(my + 1y + 1!
namely, with all entries as close as possible to each other. 1 N!
The situation in which the solution is unique and given by = gy + Dl (36)
o i :

m;=Kk for all i is the same as in E¢30). This means that the

single-qudit fidelity optimization procedure provides thewhere for the sake of simplicity in the last equation the no-
same result as the total fidelity optimization, and the mapation was slightly modified witi=; n,=N-1 while, again,
written in Egs.(31) and(32) is optimal in both approaches. X; m=M-N. The off-diagonal terms are

Trl| o)l @ 15MD & [yl *N...om+ i+ L0 mp+n+ 1 @ |+ 1,0, + 1, ]

= Tl |hoX (ol ® 1°M D my+m+ 1,0 m+n+1,...]

L L nO!---(ni+1)!~--\/nO!---(nj+1)!--- N! N!

dN N! N! n!- (Mg + D!---ngl--+(nj + 1+
1 N! \/ \/(mo+n0)' (my+n+ 1)l
—dVngt -yl (n,+1)(n,+1) M!

><\/(mo+n0)!---(mj+nj+1)!--- (M=1)!

M! (Mg +ng)!-+(my + np)!t--+(my + ny)!- -

1 N! (my +ny + D(m; +n; + 1)
- MdN"lno!---ni!---nj!---\/ (ni+1)(n;+1) ' 37

At the end, the single-qudit fidelity is the sum of contributions of the form
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FIG. 1. Single-qubit fidelity for =M cloning: phase-covariant FIG. 3. Single-quditd=5, fidelity for 1M cloning: multi-
(continuous Iin(}_zr universal(dotted ling. The numerical results are phase(continuous ling universal(dotted line.
equal to those in Ref$5,8].

the maximum will be obtained for unequa)’s in place of a

Fooos ME D N! common fractional value. This leads to many blocks Ror

{my} = dN+1{n~} ~ ol --(my + Dl contributing in the same way to the optimal map, which
makes the evaluation very complicate. On the other hand, the

N _2 evaluation simplifies greatly when the maximum is achieved

M2 nol- -yt nj!--- for integerm. =k, and this corresponds to the following re-

lation betweerN and M:
m+n+1)(m+n+1
\/( : '+1; )' )]- (39) M =kd+ N. (40)

Hence, the optimal phase-covaridst (N+kd) cloning

As done before for the 2 M cloning, in order to find the map is described by the rank-1 operator

block of R realizing the optimal map, we have to maximize
the off-diagonal quantity

R=[rpgXrgal, (41)
m +n+1(m+n+1)
> \/ — L (39  where
i#] N+ 1)(”] + 1)
with the constraint&; n;=N-1 and=; m;=M-N. The maxi- rge) = 20 [K+ g, k41, dwlNg, oMy 2=
mization of fidelity corresponds to maximize the quantity in {nj} i
Eq. (39 versus the variable®'s. Since the variables’s are (42)

summed up in Eq(38), then the fidelity is invariant under
their permutation. Therefore, the evaluation of the maximumand its single-qudit fidelity is given by
of the quantity(39); resorts to maximizing it for equai;’s,

whence also alin’s will be equal,m=m.=(M-N)/d, di.
Generally, in this way one obtains a noninteger valuenaf 0.8 M’_‘_‘_‘
while the maximum for integem;’s is very degenerate, since
0.7
*
0.66
b N
3] Tk
0.64 0.6 R ok
0.62}
0.5
0.6 m_
B h b
0.58 F~ -
0.4 . . om- - w g
0.56} ‘ 0 5 10 15 20 25 30 35
* M
0.54 *
0. 52 *""*-r-,.._, N FIG. 4. Comparison between single-qudit fidelities for multi-
5 : 5 5 3 55 ':_'S'o*"”* phase covariant-4 M cloning:d=2 (continuous ling d=3 (dotted
M line); d=5 (dash-dotted ling The three curves for larg® ap-

proach the fidelity of optimal phase estimation over one copy,
FIG. 2. Single-qutrit fidelity for M cloning: multiphase namelyF=3/4 for qubits, F=5/9 for qutrits, andF=9/25 ford
(continuous ling universal(dotted ling. =5.
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FIG. 5. Saturation of single-qubit fidelity for phase-covariant
(continuous ling and universal(dotted ling N— M cloning ma-
chines versu$N, for M=21.

FIG. 7. Saturation of single-quditi=>5, fidelity for multiphase
(continuous ling and universal(dotted ling N— M cloning ma-
chines versu$\, for M=51.

Fo(N,M =kd+ N) than theM—N blank copies, and Eq45) is again an eco-
1 nomical cloning machine.
=3t Md — = ﬁ As in Sec. IV, it is possible to prove that the value{of}
i izj Mol oyl maximizing the single-qudit fidelity maximizes the total fi-
\/(nl+k+1)(nj+k+1) S nN-1 delity as well,
(m+(nj+1 5 . > Pim) > Tr| o) (ol * M {my} +{n’})

43 ™

Notice thatR being rank 1, the optimal map derived here x{{m} +{nf}| @ [{nyH{{n]}]

is again described by only one isometric Kraus operator =3 S M +
) Ng, My + Ny, ...)|Ng, Ny, ...)
VI HEN M, {ml} p{m}{n]}| o Mg + N, My + Ny, ... )Mo, Ny, ... )2

C(p*N) = TerN{[]H?M ® (p®N)T]|r{k}><r{k}|} 1 s 2 < M )( N )
p . . A
=VpWI viv=18N, (44) dM+N s \mg+ngimy + g \nging;
where the isometry acts as follows: (46)
V[Ng, Ny, Ny O S Mo H KNy + K+ K, LD with the usual constraints; n,=N andX; m;=M-N implicit

in the multinomial notation. Following the argument of the

(45) previous section, it is clear that the map in E@gl) and(45)
Similarly to the case 1 (kd+1), the fact that the optimal Mmaximizing the single-qudit fidelity38) also maximizes the
N— (N+kd) cloning map is isometrical implies that no ad- global fidelity (46).

ditional ancilla is needed to unitarily realize the map other AS already noticed in the previous section fér 1, the
fidelity (43), in the limit of an infinite number of output

copies, namelk— «, takes the forn{in the limit M = kd)

1.
s FlN) =5+ i3S S e a7)
’ d d n} i#] Nol \“‘(ni"'l)(nj"'l)
0. sl The above expression coincides with the fidelity of optimal
B multiphase estimation on equatorial qudits derived in Ref.
o 7l [10].
0.6 VI. CONCLUSIONS
* We have addressed the problem of optimal phase-
0 > 10 15 20 25 covariant cloning with multiple phases for qudits, with an

" arbitrary number of input copigs and output copieM. The

FIG. 6. Saturation of single-qutrit fidelity for multiphageon-  optimization greatly simplifies for values & andN related
tinuous lin@ and universaldotted lin@ N— M cloning machines asM=kd+N, with k integer. The cloning maps are optimal
versusN, for M=28. for both global and single-qudit fidelity. The map is achieved
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by an economical cloning machine, which works without phase and universal covariant frameworks, as one can see in
ancilla. We have evaluated the asymptotic behavior of théigs. 5-7. As a general remark, notice that when increasing
fidelity for large M, and recovered the fidelity of optimal the dimension of the input system for fixétl and M, the
multiphase estimatioi10]. In Figs. 1-3, it is possible to fidelities of multiphase and universal cloners become closer
compare the single-qudit fidelities of multiphase covariantg each other.

and universal covariant-+ M cloning machines. Increasing

M, the fidelities tend to the limit of optimal phase estimation

and state estimation fidelity, respectively. Increasing the di- ACKNOWLEDGMENTS
mensiond of the Hilbert space, the quality of the clones gets . o
worse, as plotted in Fig. 4. Actually, for fixed and M, the This work has been jointly funded by the EC under the

single-qudit fidelity of the cloner goes to zero widh!, as it  programs ATESIT (Contract No. IST-2000-29681
turns out from Eq(43). On the other hand, for fixe, the =~ SECOQC(Contract No. IST-2003-50681,3and INFM PRA-
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